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Introduction

LVhat in the world is trigonometry? Well, for starters, trigonometry is in the world, on
the world, and above the world — at least its uses are. Trigonometry started out as
a practical way of finding out how far things are from one another when you can’t measure
them. Ancient mathematicians came up with a measure called an angle, and the rest is
history.

So, what’s my angle in this endeavor? (Pardon the pun.) [ wanted to write this book because
trigonometry just hasn’t gotten enough attention lately. You can’t do much navigating with-
out trigonometry. You can’t build bridges or skyscrapers without trigonometry. Why has it
been neglected as of late? It hasn’t been ignored as much as it just hasn’t been the center of
attention. And that’s a shame.

Trigonometry is about angles, sure. You can’t do anything without knowing what the
different angle measures do to the different trig functions. But trigonometry is also about
relationships — just like some of these new reality television shows. Did I get your attention?
These relationships are nearly as exciting as those on TV where they decide who gets to stay
and who gets to leave. The sine gets to stay and the cosecant has to leave when you know
the identities and rules and apply them correctly. Trigonometry allows you to do some
pretty neat things with equations and mathematical statements. It’s got the power.

Another neat thing about trigonometry is the way it uses algebra. In fact, algebra is a huge
part of trigonometry. Thinking back to my school days, I think I learned more about the
finesse of algebra when doing those trig identities than [ did in my algebra classes. It all fits
together so nicely.

Whatever your plans are for trigonometry, you'll find the rules, the hints, the practice, and
the support in this book. Have at it.

About This Book

This book is intended to cement your understanding — to give you the confidence that you
do, indeed, know about a particular aspect of trigonometry. In each section, you'll find brief
explanations of the concept. If that isn’t enough, refer to your copy of Trigonometry For
Dummies, your textbook, or some other trig resource. With the examples I give, you’ll proba-
bly be ready to try out the problems for yourself and move on from there. The exercises are
carefully selected to incorporate the different possibilities that come with each topic — the
effect of different kinds of angles or factoring or trig functions.

Conventions Used in This Book

Reading any book involving mathematics can have an added challenge if you aren’t familiar
with the conventions being used. The following conventions are used throughout the text to
make things consistent and easy to understand:
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v New terms appear in italic and are closely followed by an easy-to-understand
definition.

+* Bold is used to highlight the action parts of numbered steps. Bold is also used on the
answers to the example and practice problems to make them easily
identifiable.

v Numbers are either written out as words or given in their numerical form — whichever
seems to fit at the moment and cause the least amount of confusion.

v The variables (things that stand for some number or numbers — usually unknown at
first) are usually represented by letters at the end of the alphabet such as x, y, and z.
The constants (numbers that never change) are usually represented by letters at the
beginning of the alphabet such as q, b, or ¢, and also by two big favorites, k or . In any
case, the variables and constants are italicized for your benefit.

1 Angle measures are indicated with the word degrees or the symbol for a degree, °, or
the word radians. The radian measures are usually given as numbers or multiples of w.
If the angle measure is unknown, I use the variable x or, sometimes, the Greek letter O.

v [ use the traditional symbols for the mathematical operations: addition, + ; subtraction, —;
multiplication, x or sometimes just a dot between values; and division, + or sometimes
aslash, /.

Foolish Assumptions

We all make foolish assumptions at times, and here are mine concerning you:

» You have a basic knowledge of algebra and can solve simple linear and quadratic equa-
tions. If this isn’t true, you may want to brush up a bit with Algebra For Dummies or a
textbook.

v You aren’t afraid of fractions. FOF (fear of fractions) is a debilitating but completely
curable malady. You just need to understand how they work — and don’t work — and
not let them throw you.

» You have a scientific calculator (one that does powers and roots) available so you can
approximate the values of radical expressions and do computations that are too big or
small for paper and pencil.

» You want to improve your skills in trigonometry, practice up on those topics that
you’re a little rusty at, or impress your son/daughter/boyfriend/girlfriend/boss/
soul mate with your knowledge and skill in trigonometry.

How This Book Is Organized

This book is organized into parts. Trigonometry divides up nicely into these groupings or
parts with similar topics falling together. You can identify the part that you want to go to and
cover as much if not all of the section before moving on.

Part I: Trying Out Trig: Starting at the Beginning

The study of trigonometry starts with angles and their measures. This is what makes
trigonometry so different from other mathematical topics — you get to see what angle
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measures can do. For starters, I describe, pull apart, and inspect angles in triangles and
circles. You get intimate with the circle and some of its features; think of it as becoming
well-rounded. (Sorry, I just couldn’t resist.)

One of the best things about trigonometry is how visual its topics are. You get to look at pic-
tures of angles, triangles, circles, and sketches depicting practical applications. One of the
visuals is the coordinate plane. You plot points, compute distances and slopes, determine
midpoints, and write equations that represent circles. This is preparation for determining the
values of the trig functions in terms of angles that are all over the place — angles that have
positive or negative, very small or very large, degree or radian measures.

And, saving the best for last, I cover the right triangles. These triangles start you out in terms
of the trig functions and are very user-friendly when doing practical applications.

Part II: Trigonometric Functions

The trig functions are unique. These six basic functions take a simple little angle measure,
chew on it a bit, and spit out a number. How do they do that? That’s what you find out in the
chapters in this part. Each function has its own particular definition and inner workings. Each
function has special things about it in terms of what angles it can accept and what numerical
values it produces. You start with the right triangle to formulate these functions, and then you
branch out into all the angles that can be formed going 'round and 'round the circle.

Part [11: Trigonometric Identities and Equations

The trigonometric identities are those special equivalences that the six trig functions are
involved with. These identities allow you to change from one function to another for your
convenience, or just because you want to. You'll find out what the identities are and what to
do with them. Sometimes they help make a complex expression much simpler. Sometimes
they make an equation more manageable — and solvable. (Believe it or not, some people
actually like to solve trig identities just for the pure pleasure of conquering the algebraic and
trigonometric challenge they afford.)

In this part, I introduce you to the inverse trig functions. They undo what the original trig func-
tion did. These inverse functions are very helpful when solving trig equations — equations
that use algebra to find out which angles make the statement true.

And, last but not least, you’ll find the Law of Sines and Law of Cosines in this part. These two
laws or equations describe some relationships between the angles and sides of a triangle —
and then use these properties to find a missing angle measure or missing side of the triangle.
They’re most handy when you can'’t quite fit a right triangle into the situation.

Part IU: Graphing the Trigonometric Functions

The trig functions are all recognizable by their graphs — or, they will be by the time you
finish with this part. The characteristics of the functions — in terms of what angle measures
they accept and what values they spew out — are depicted graphically. Pictures are very
helpful when you’re trying to convince someone else or yourself what’s going on.

The graphs of the trig functions are transformed in all the ways possible — shoved around
the coordinate system, stretched out, squashed, and flipped. | describe all these possibilities

3
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with symbols and algebra and with the actual graph. Even if you're graphing functions with
a graphing calculator, you really need to know what’s going on so you can either decipher
what’s on your calculator screen or tell if what you have is right or wrong.

Part U: The Part of Tens

This is one of my favorite parts of this book. Here I was able to introduce some information
that just didn’t fit in the other parts — stuff I wanted to show you and couldn’t have other-
wise. You'll find some identities that fit special situations and all have a connection with the
minus sign. You'll find everything you’ve always wanted to know about a circle but were
afraid to ask. And, finally, I explore and lay bare for all to see the relationships between the
angles and sides of a triangle.

Icons Used in This Book
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To make this book easier to read and simpler to use, I include some icons that can help you
find and fathom key ideas and information.

You'll find one or more examples with each section in this book. These are designed to cover
the techniques and properties of the topic at hand. They get you started on doing the prac-
tice problems that follow. The solutions at the end of each chapter provide even more detail
on how to solve those problems.

This icon appears when I'm thinking, “Oh, it would help if [ could mention that. ...” These
situations occur when there’s a particularly confusing or special or complicated step in a
problem. I use this icon when [ want to point out something to save you time and frustration.

Sometimes, when you’re in the thick of things, recalling a particular rule or process that can
ease your way is difficult. I use this icon when I'm mentioning something you’ll want to try to
remember, or when I'm reminding you of something I've covered already.

Do you remember the old Star Trek series in which the computer would say, “Warning, warn-
ing!” and alert Commander Kirk and the others? Think of this icon as being an alert to watch
out for Klingons or any other nasty, tricky, or troublesome situation.

Where to Go from Here

Where do you start? You can start anywhere you want. As with all For Dummies books, the
design is with you in mind. You won'’t spoil the ending by doing those exercises, first. You can
open to a random page or, more likely, look in the table of contents or index for that topic
that’s been bugging you. You don’t have to start at the beginning and slog your way through.
All through the book, I reference preceding and later chapters that either offer more explana-
tion or a place for further discovery.

There’s a great companion book to this workbook called, just by coincidence, Trigonometry
For Dummies. It has more detail on the topics in this workbook, if you want to delve further
into a topic or get something clarified.
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In this part . . .

Icould’ve called this part FBI: Fabulous Basic Information.
Here you find all you need to know about angles, trian-
gles, and circles. You get to relate degrees to radians and
back again. All the basics are here for you to start with,
refer back to, or ignore — it’s your choice.




Chapter 1
Tackling Technical Trig

In This Chapter

Acquainting yourself with angles
Identifying angles in triangles

Taking apart circles

A ngles are what trigonometry is all about. This is where it all started, way back when.
Early astronomers needed a measure to tell something meaningful about the sun and
moon and stars and their relationship between man standing on the earth or how they were
positioned in relation to one another. Angles are the input values for the trig functions.

This chapter gives you background on how angles are measured, how they are named, and
how they relate to one another in two familiar figures, including the triangle and circle. A lot
of this material is terminology. The words describe things very specific, but this is a good
thing, because they’re consistent in trigonometry and other mathematics.

Getting Angles Labeled by Size

An angle is formed where two rays (straight objects with an endpoint that go on forever in
one direction) have a common endpoint. This endpoint is called the vertex. An angle can also
be formed when two segments or lines intersect. But, technically, even if it’s formed by two
segments, those two segments can be extended into rays to describe the angle. Angle meas-
ure is sort of how far apart the two sides are. The measurement system is unique to these
shapes.

Angles can be classified by their size. The measures given here are all in terms of degrees.
Radian measures (measures of angles that use multiples of © and relationships to the circum-
ference) are covered in Chapter 4, so you can refer to that chapter when needed.

1 Acute angle: An angle measuring less than 90 degrees.

 Right angle: An angle measuring exactly 90 degrees; the two sides are perpendicular.

+ Obtuse angle: An angle measuring greater than 90 degrees and less than 180 degrees

v~ Straight angle: An angle measuring exactly 180 degrees.

Is an angle measuring 47 degrees acute, Q. Is an angle measuring 163 degrees acute,
right, obtuse, or straight? right, obtuse, or straight?

A. An angle measuring 47 degrees is acute. A. An angle measuring 163 degrees is obtuse.
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1.

What type of angle is shown in the figure?

90°

2. What type of angle is shown in the figure?

31I°

3. What type of angle is shown in the figure?

114°

4. What type of angle is shown in the figure?
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Naming Angles Wheve Lines Intersect

When two lines cross one another, four angles are formed, and there’s something spe-
cial about the pairs of angles that can be identified there. Look at Figure 1-1. The two
lines have intersected, and I've named the angles by putting Greek letters inside them
to identify the angles.

|
Figure 1-1:
Two inter-
secting lines
form four
angles.
|

The angles that are opposite one another, when two lines intersect, are called vertical
angles. The special thing they have in common, besides the lines they share, is that
their measures are the same, too. There are two pairs of vertical angles in Figure 1-1.
Angles B and o are vertical. So are angles A and 6.

The other special angles that are formed are pairs of supplementary angles. Two angles
are supplementary when their sum is 180 degrees. The supplementary angles in Figure
1-1 are those that lie along the same straight line with a shared ray between them. The
pairs of supplementary angles are: A and ®, ® and 6, 6 and 3, and 3 and A.

Q. If one angle in a pair of supplementary A. The other measures 180 - 80 = 100
angles measures 80 degrees, what does degrees.
the other angle measure?

5. Give the measure of the angles that are 0. Give the measure of the angle that is verti-
supplementary to the angle shown in the cal to the angle shown in the figure.
figure.

133°

45°

9



’ 0 Part I: Trying Out Trig: Starting at the Beginning

Writing Angle Names Correctly

An angle can be identified in several different ways:
v Use the letter labeling the point that’s the vertex of the angle. Points are labeled
with capital letters.

v Use three letters that label points — one on one ray of the angle, then the vertex,
and the last on the other ray.

v Use a letter or number in the inside of the angle. Usually, the letters used are
Greek or lowercase.

Q. Give all the different names that can be A.  The names for this angle are:
used to identify the angle shown in the
figure. ¢ Angle A (just using the label for the
vertex)

e Angle BAD (using B on the top ray, the
B vertex, and D on the bottom ray)

e Angle BAC (using B on the top ray, the
vertex, and C on the bottom ray)

¢ Angle DAB (using D on the bottom ray,
the vertex, and B on the top ray)

D e Angle CAB (using C on the bottom ray,
the vertex, and B on the top ray)

C ¢ Angle 2 (using the number inside the
angle)

7. Find all the names for the angle shown in 8. Find all the names for the angle that’s verti-
the figure. cal to the angle POT in the figure.

T N
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Finding Missing Angle Measures in Triangles

Triangles are probably one of the most familiar forms in geometry and trigonometry.
They’re studied and restudied and gone over for the minutest of details. One thing that
stands out, is always true, and is often used, is the fact that the sum of the measures

of the angles of any triangle is 180 degrees. It’s always that sum — never more, never
less. This is a good thing. It allows you to find missing measures — when they go

missing — for angles in a triangle.

If the measures of two of the angles of a
triangle are 16 degrees and 47 degrees,
what is the measure of the third angle?

To solve this, add 16 + 47 = 63. Then sub-
tract 180 — 63 = 117 degrees.

<

An equilateral triangle has three equal
sides and three equal angles. If you
draw a segment from the vertex of an
equilateral triangle perpendicular to
the opposite side, then what are the
measures of the angles in the two new
triangles formed? Look at the figure to
help you visualize this.

C

A D B

Because the triangle is equilateral, the
angles must each be 60 degrees, because
3 x 60 = 180. That means that angles A
and B are each 60 degrees. If the segment
CD is perpendicular to the bottom of the
triangle, AB, then angle ADC and angle
BDC must each measure 90 degrees.
What about the two top angles? Because
angle A is 60 degrees and angle ADC is
90 degrees, and because 60 + 90 = 150,
that leaves 180 — 150 = 30 degrees for
angle ACD. The same goes for angle BCD.

11
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9.

vertex angle, I, measures 140 degrees, what
do the other two angles measure?

Triangle SIR is isosceles. An isosceles trian- 10. A triangle has angles that measure n
gle has two sides that are equal; the angles degrees, n + 20 degrees, and 3n - 15
opposite those sides are also equal. If the degrees. What are their measures?

Determining Angle Measures along
Lines and outside Triangles

Angles can be all over the place and arbitrary, or they can behave and be predictable.
Two of the situations in the predictable category are those where a transversal cuts
through two parallel lines (a transversal is another line cutting through both lines), and
where a side of a triangle is extended to form an exterior angle.

When a transversal cuts through two parallel lines, the acute angles formed are all
equal and the obtuse angles formed are all equal (unless the transversal is perpendicu-
lar to the line — in that case, they’re all right angles). In Figure 1-2, on the left, you can
see how creating acute and obtuse angles comes about. Also, the acute and obtuse
angles are supplementary to one another.

An exterior angle of a triangle is an angle that’s formed when one side of the triangle is
extended. The exterior angle is supplementary to the interior angle it’s adjacent to.
Also, the exterior angle’s measure is equal to the sum of the two nonadjacent interior
angles.
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Fig

lines with a 46°
transversal

and
gle

exterior

46°\ 134°

ure 1-2: 134°\46

Parallel
134°

. 134°\ 46°
a trian-

with an

angle.

65° X

150°

In Figure 1-2, on the right, what are the
measures of angles x and y?

The angle x is supplementary to an angle
of 150 degrees, so its measure is 180 — 150 =
30 degrees. The measure of angle y plus the

65-degree angle must equal 150 degrees
(the exterior angle’s measure). Subtract
150 — 65 = 85. So angle y is 85 degrees. To
check this, add up the measures of the
interior angles: 65 + 85 + 30 = 180. This is
the sum of the measures of the angles of
any triangle.

11.

Find the measures of the acute and obtuse
angles formed when a transversal cuts
through two parallel lines if the obtuse
angles are three times as large as the
acute angles.

12.

Find the measures of the four angles shown
in the figure, if one is two times the size of
the smallest angle, one is 10 degrees less
than five times the smallest angle, and the
last is 10 degrees larger than the smallest
angle.

5x-10 /X
x+ 10 2x

13
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Dealing with Circle Measurements

A circle is determined by its center and its radius. The radius is the distance, shown by
a segment, from the center of the circle to any point on the circle. The diameter of a
circle is a segment drawn through the center, which has its endpoints on the circle.

A diameter is the longest segment that can be drawn within a circle.

The measure of the diameter of a circle is equal to twice that of the radius. The diame-
ter and radius are used when determining the circumference (the distance around the
outside of a circle) and the area of a circle.

The circumference of a circleis C=nd or C=2nr.Circumference equals « times
diameter, or circumference equals two times 7 times radius.

The area of a circle is A = nr’. Area equals & times radius squared.

squiggly equal sign is a way of showing
that the measure is “about” that much,
not exactly equal to that much.) The

A.  If the diameter is 30 inches, then the radius approximation was obtained letting
7 =~ 3.14. And the area is equal to

is half that, or 15 inches. The circumfer- 2 .
ence is equal to & times the diameter, A=mn(15) = 2251 ~ 706.5 square inches.

so C=m(30) = 30n ~ 94.2 inches. (The

If a circle has a diameter of 30 inches, find
its radius, circumference, and area.

’3. Find the radius, circumference, and area of 14 Find the diameter, radius, and area of a
a circle that has a diameter of 2 /3 yards. circle that has a circumference of 18n
centimeters.
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15

Tuning In with the Right Chord

A chord is a segment that’s drawn from one point on a circle to another point on the
same circle. The longest chord of a circle is its diameter. The two endpoints of a chord
divide a circle into two arcs — the major arc and the minor arc. The major arc is, of
course, the larger of the two. A circle has a total of 360 degrees, so the sum of those

two arcs must equal 360.

The chord AB, shown in the figure, divides
the circle into two arcs, one of which is
100 degrees greater than the other. What
is the measure of the major arc?

Let the measure of the minor arc be x.
Then the larger arc is 100 greater than that,
or x + 100. The sum of the two is 360. Write
that as x + x + 100 = 360. This simplifies to
2x + 100 = 360. Subtract 100 from each side
to get 2x = 260. Divide by 2, and x = 130.
This is the measure of the minor arc. Add
100 to that, and the major arc measures
230 degrees.

15 A chord divides a circle into two arcs, one
of which is 15 degrees less than 14 times
the other. What are the measures of the
two arcs?

16.

Three chords are drawn in a circle to form
a triangle, as shown in the figure. One of
the chords is drawn through the center

of the circle. If the minor arc determined
by the shortest chord is 60 degrees, what
are the measures of the other two arcs
determined by the vertices of the triangle?

60°
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Sectioning Off Sectors of Circles

A sector of a circle is a wedge or slice of it. Look at Figure 1-3, showing a sector of a

circle that has an arc that measures 70 degrees.

70°

Figure 1-3:
A sector of
acircle.

Find the area of the sector, shown in
Figure 1-3, that has an arc of 70 degrees
and a radius of 6 feet.

The area of the entire circle is A= (6) =
36m ~ 113.04 square feet. The arc of 70

degrees is 37—(?0 = % of the entire circle.

So multiply the area of the entire circle by
that fraction to get the area of the sector.

361r<%) =1 (7) =~ 21.98 square inches.

17.

Find the area of the sector of a circle that
has an arc measuring 120 degrees and a
radius of 2.4 meters.

18. A pizza is being divided into three unequal

slices (sectors). The largest slice has an
arc measuring 1 less than three times that
of the smallest slice’s arc, and the middle-
sized piece has an arc that’s 1 more than
twice the smallest slice’s arc. If this is an
18-inch pizza, what is the area of each of
the pieces?



Chapter 1: Tackling Technical Trig

Answers to Problems on
Tackling Technical Trig
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The following are the solutions to the practice problems presented earlier in this chapter.

What type of angle is shown in the figure? Right angle.

The angle shown in the figure is a right angle, because it measures exactly 90 degrees.

What type of angle is shown in the figure? Acute angle.

The angle shown in the figure is an acute angle, because 31 is between 0 and 90 degrees.

What type of angle is shown in the figure? Obtuse angle.

The angle shown in the figure is an obtuse angle, because 114 is between 90 and 180 degrees.

What type of angle is shown in the figure? Straight angle.

The angle shown in the figure is a straight angle, because it measures exactly 180 degrees.

Give the measure of the angles that are supplementary to the angle shown in the figure.
47 degrees.

In the figure, the measure of the angles that are supplementary to the 133-degree angle is
47 degrees, because 180 — 133 = 47.

Give the measure of the angle that is vertical to the angle shown in the figure. 45 degrees.

In the figure, the measure of the angle that is vertical to the 45-degree angle is also 45 degrees,
because vertical angles always have the same measure.

Find all the names for the angle shown in the figure. A, BAG, and GAB.

Find all the names for the angle that’s vertical to the angle POT in the figure. NOD
and DON.

In the figure, you can’t use the letter O to name an angle. This is a case where just using the
letter for the point at the vertex doesn’t give enough information to identify which angle you're
talking about.

Triangle SIR is isosceles. An isosceles triangle has two sides that are equal; the angles opposite
those sides are also equal. If the vertex angle, [, measures 140 degrees, what do the other two
angles measure? 20 degrees each.

If the vertex angle, I, measures 140 degrees, the other two angles have to be the angles that are
equal. The reason for this is that, if the 140-degree angle were one of the pair of equal angles,
the sum of it and its pair would be 280 degrees, which is already too much for the sum of the
angles in a triangle. So, to find the measure of the two equal angles, first subtract 180 — 140 = 40.
That leaves a total of 40 degrees for the two equal angles; they’re 20 degrees each.

A triangle has angles that measure n degrees, n + 20 degrees, and 3n - 15 degrees. What are
their measures? 35 degrees, 55 degrees, and 90 degrees.

The angles have to add up to 180 degrees: n + (n + 20) + (3n - 15) = 180. Simplifying on the left,
5n + 5 = 180. Subtract 5 from each side to get 5n = 175. Divide each side by 5, and n = 35. And
n + 20 = 55. Lastly, 3n — 15 = 90. Adding the three angles: 35 + 55 + 90 = 180.
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Find the measures of the acute and obtuse angles formed when a transversal cuts through two
parallel lines if the obtuse angles are three times as large as the acute angles. 45 degrees and
135 degrees.

Let the sum of the acute and obtuse angles be 180. This is true because the angles are sup-
plementary. Let the acute angle’s measure be x. Then the obtuse angle measures 3x. Adding,
x + 3x = 180, 4x = 180. Dividing by 4, x = 45. If the acute angles are 45 degrees, then the obtuse
angles are three times that, or 135 degrees.

Find the measures of the four angles shown in the figure, if one is two times the size of the small-
est angle, one is 10 degrees less than five times the smallest angle, and the last is 10 degrees
larger than the smallest angle. 20 degrees, 40 degrees, 90 degrees, and 30 degrees.

The sum of the four angles is 180 degrees — the measure of a straight angle. Let the smallest
measure be x degrees. Then the others are 2x, 5x — 10, and x + 10. Adding them, x + 2x + 5x —
10 + x + 10 = 180. Simplifying on the left, 9x = 180. Dividing by 9, x = 20. The angles are: 20, 40,
90, and 30 degrees.

Find the radius, circumference, and area of a circle that has a diameter of 2 /§ yards.
%(2 /ﬁ) =/3,C=xn (2 /5) =2r/3 yards, and 3x square yards.

The radius is half the diameter, so half of 2 /§ is %(2 1/5) = /§ The circumference is & times

the diameter, so C== (2 /5) =2 /§ yards. The area is © times the square of the radius, so
2
A=m (ﬁ) =1 (3) = 3rn square yards.

Find the diameter, radius, and area of a circle that has a circumference of 18n centimeters.
18 centimeters, 9 centimeters, and 81n square centimeters.

The circumference is © times the diameter, so the diameter must be 18 centimeters. That means
that the radius is half that, or 9 centimeters. The area is n times the square of the radius or

A=m(9)=n(81)=81In square centimeters.

A chord divides a circle into two arcs, one of which is 15 degrees less than 14 times the other.
What are the measures of the two arcs? 25 degrees and 335 degrees.

Start by finding the measures of the two arcs. Let one arc measure x degrees. Then the other
measures 14x — 15 degrees. Their sum is 360 degrees. So x + 14x — 15 = 360. Simplify on the left
to get 15x - 15 = 360. 15x = 375. Dividing by 15, x = 25. The minor arc is 25 degrees, and the
major arc is 14 (25) - 15 = 335 degrees.

Three chords are drawn in a circle to form a triangle, as shown in the figure. One of the chords
is drawn through the center of the circle. If the minor arc determined by the shortest chord is

60 degrees, what are the measures of the other two arcs determined by the vertices of the tri-

angle? 180 degrees and 120 degrees.

The diameter divides the circle into two equal arcs, so they’re each 180 degrees. That leaves
180 degrees for the top half. Subtract 180 — 60, and the other arc on the top is 120 degrees.

Find the area of the sector of a circle that has an arc measuring 120 degrees and a radius of
2.4 meters. 1.92n square meters.
The sector is % = % of the entire circle. Multiply that times the area of the entire circle, which

:_5.76
3

is found by multiplying = times the square of the radius: %n (2.4) 1 = 1.921 square meters.

A pizza is being divided into three unequal slices (sectors). The largest slice has an arc measur-
ing 1 less than three times that of the smallest slice’s arc, and the middle-sized piece has an arc
that’s 1 more than twice the smallest slice’s arc. If this is an 18-inch pizza, what is the area of

each of the pieces? ~ 42.39 square inches, ~ 126.46 square inches, and ~ 85.49 square inches.
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Let x represent the measure of the arc cut by the smallest piece. Then the other two arcs are
3x -1 and 2x + 1. Add all three together to get x + 3x -1 + 2x + 1 = 360. Simplifying on the left,

6x = 360. Dividing by 6, x = 60. The other two measures are then 179 and 121. The three different
areas can be found by multiplying their fraction of the pizza by the area of the whole pizza,
which is determined by multiplying n times the square of the radius. An 18-inch pizza has a
radius of 9 inches.

% - (9)2 %86%0 7 = 42.39 square inches

égg n(9)= 1%339 © ~ 126.46 square inches

:13_%(1) n(9)= %%%1 T ~ 85.49 square inches

19
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Chapter 2
Getting Acquainted with the Graph

In This Chapter
Putting points where they belong

Measuring and minding the middle
Conferring with Pythagoras

Circling about and becoming well-rounded

G raphing points and figures is an important technique in anything mathematical, and it’s
especially important in trigonometry. Not only is the coordinate plane used to describe
how figures are interacting, but it’s also used to define the six trig functions in all their glory.
The values of the trig functions are dependent upon where the inputs are in the graph. And,

of course, there are the graphs of the functions, which I cover in detail in Part IV.

The important things to look for in the graphs of the trig functions and other curves is where
the graph is and when it’s there. The signs of the coordinates bear watching. The quadrant
that the curve lies in is important. These are all covered in this chapter.

Plotting Points

The traditional setup for graphing in mathematics is the coordinate plane, which is defined
by two perpendicular lines intersecting at the center (origin) and uses the Cartesian coordi-
nates. The coordinates are the numbers representing the placement of the points. These
numbers are in ordered pairs — they’re written in parentheses, separated by a comma, and
the order they’re in matters. The points are in the form (x,y) where the first coordinate, the x,
tells you how far to the right or left the point is in terms of the origin. The second coordinate,
the y, tells you how far up or down the point is from the origin. Positive coordinates indicate
a move to the right or up. Negative coordinates indicate to the left or down. In Figure 2-1, I've
graphed the points (3,2), (-4,3), (-5,-2), (6,-3), (0,5), and (-2,0). Notice that the points that
have a 0 as one of the coordinates lie on one of the axes.
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10+

Figure 2-1:
Graphing
points on

the coordi-

nate plane. 101

Refer to Figure 2-1. Give the coordinates of
the points that are on the opposite side of
the y-axis from the points that are graphed
there.

A. The point opposite (3,2) is (-3,2); the point
opposite (—4,3) is (4,3); the point opposite
(-5,-2) is (5,~2); the point opposite (6,-3)
is (-6,-3); and the point opposite (-2,0) is
(2,0). Since the point (0,5) is on the y-axis,
it has no opposite.

S

Give the coordinates of the points that are
on the opposite side of the x-axis from the
points (-2,3), (4,-7) and (-6,-1).

The point opposite (-2,3) is (-2,-3); the
point opposite (4,-7) is (4,7); and the point
opposite (-6,-1) is (-6,1).

1. Plotthe following points on the coordinate
plane: (27_3)7 (472)’ (_573)y (_1!'4)‘

Plot the following points on the coordinate
plane: (3,0), (-4,0), (0,5), (0,-2).
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Identifying Points by Quadrant

The coordinate plane is divided by the intersecting axes into four quadrants. These
quadrants are traditionally given the labels I, II, IIl, and IV. The Roman numerals start in
the upper-right-hand corner and go counterclockwise from there. In each quadrant,
the points that lie there have some common properties. The quadrants are used when
determining values for the trig functions. Angles are graphed on the coordinate plane,
and their positions with respect to the quadrants is important. Figure 2-2 shows you
the names of the different quadrants.

Figure 2-2:
Naming the
four quad-

rants in the 111 IV

coordinate

plane.

The common characteristics of the points in the quadrants are as follows:

Quadrant I: Both the x and y coordinates are positive.
Quadrant II: The x coordinate is negative, and the y coordinate is positive.
Quadrant III: Both the x and y coordinates are negative.

Quadrant IV: The x coordinate is positive, and the y coordinate is negative.

The points that lie on axes are not considered to be in any quadrant.

Name the quadrant that the point (-6,2) Q Name the quadrant that the point (—4,-8)
lies in. lies in.

Quadrant II. A. Quadrant III.

23
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3. Give the coordinates of three different 4. Give the coordinates of three different
points that lie in Quadrant III. points that do not lie in any quadrant.

Working with Pythagoras

The Pythagorean theorem is probably one of the most easily recognized rules or equa-
tions in all of mathematics. The equation itself is easy to remember. And even if you
can’t put it into words exactly, you pretty much know how it works.

Pythagoras recognized (as did others, but he got the credit for it) that the lengths
of the sides of any right triangle have a special relationship to one another. If you
square the lengths of all the sides and add up the two smaller squares, that’s always
equal to the larger square. Here, in math-talk, is the Pythagorean theorem:

If the lengths of the two legs (shorter sides) of a right triangle are a and b, and if
the length of the hypotenuse (the longest side, opposite the right angle) is ¢, then

a’+b*=c’.
Find the length of side a in a right triangle a*+1024=1600
if the other leg, b, measures 32 feet and the a’*=1600-1024=576
hypotenuse, ¢, measures 40 feet. a=/576=24
A. Replace the a and c in the Pythagorean So side a is 24 feet long.

theorem with the two given lengths:
a’+ 32*=40°. Square the values, and
solve for b.
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5. Findthe length of the hypotenuse of a right 0. Find the length of leg b in a right triangle

triangle if @ = 7 yards and b = 24 yards. with a = 18 feet and ¢ = 30 feet.
7. How long is leg a in the right triangle with 8. A right triangle has one leg, a, that meas-
b = 24 meters and c = 26 meters? ures 9 inches. The other leg, b, is 1 inch

shorter than the hypotenuse. How long
are that leg and the hypotenuse?
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Keeping Vour Distance

The distance formula for finding the length of the segment between points on the coor-
dinate plane finds the horizontal distance between the points by finding the difference
between the x-coordinates, finds the vertical distance between the points by finding the
difference between the y-coordinates, and then actually uses the Pythagorean theorem

to solve for the slant difference between them. The formula d = / (x,— x2)2+ ( Yi— yz)

2

has a d for distance instead of a c for the length of the hypotenuse of a right triangle,
but the arithmetic is still the same. The formula in this form is just more convenient for

doing the computations.

Find the distance between the points (-3,5)
and (6,-7).

First plug the coordinates of the points into
the formula: d= /(—3 —6)+ <5 - (—7))2.

Then find the differences, square the
results, and add the squares together.

Finally, find the square root of the sum.
That’s the distance between the points in
units on the coordinate plane.

=/(=9)+(12)

=4/81+ 144 = /225
=15

Find the distance between the points (3,-8)
and (-5,-2).

10. Find the distance between the points (0,5)
and (12,0).
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11. Find the distance between the points 12. Find the distance between the points (6,3)
(-4,11) and (5,-2). and (6,-7).

Finding Midpoints of Seqments

The midpoint of a segment that’s graphed on the coordinate plane can be found by
simply averaging the x and y coordinates. Finding the midpoint is important if you're
working with circles and need a center or if you're working with perpendicular bisectors
and need the bisector. Here’s the formula for the midpoint of a segment with endpoints
(x1,y:) and (x,,y.):

_(XitXx, Yit)ye
u- [y g

Q. Find the midpoint of the segment with end- A. Using the formula,

points (-3,4) and (7,10). (=347 4+10\_[(4 14\ _
m= (=L A0 (L 1) -27).
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’3 Find the midpoint of the segment with end- ’4. Find the midpoint of the segment with end-

points (4,-6) and (=8,10). points (-9,-3) and (15,-5). Then find the
midpoints of the two segments formed.
(This, in effect, divides the segment into
four equal parts.)

Dealing with Slippery Slopes

The slope of a line or segment tells you something about the character of that line or
segment. The slope is a number — either positive or negative — that tells you whether
a line or segment is rising as you read from left to right or falling as you read from left
to right. The positive slopes rise; the negative slopes fall. The rest of the information
has to do with the steepness of the line or segment.

A line with a slope of 1 or -1 is diagonal going upward or downward and, if it goes
through the origin, it bisects the two quadrants it goes through. Slopes that are greater
than 1 or smaller than -1 (such as slopes of 7, -5, 4.2, -9.3, and so on) indicate lines that
are steep. They're steeper than those with the benchmark slope of 1. Slopes that are
proper fractions — the values are between -1 and 1 — are for lines that are fairly flat. The
closer the value of the slope is to 0, the closer the line or segment is to being horizontal.

Slopes of lines can be determined by choosing any two points on the line and putting
them into the slope formula. If you have two points on aline, (x,,y,) and (x.,y.),
then the slope is found by using the slope formula, m = %

Slopes of lines can also be determined if you have the equation of the line in the slope-
intercept form. This form is y = mx + b, where m is the slope of the line.
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Find the slope of the line with the equation A. From the slope-intercept form, the slope

y =-3x + 5 using the slope-intercept form of this line is -3. Using the slope formula,
and then by finding two points on the line two points have to be determined first.
and using the formula for slope. I choose tolet x = 1, giving me y = 2. Then |

choose x = -2, making y = 11. These two
choices are absolutely random. Any points
will work. Now, | insert these two points,
(1,2) and (-2,11), into the formula,

__2-11 _-9__
m=1= —2)"3 3.
15. Find the slope of the line that goes through 16. Find the slope of the line that goes through

(8,2) and (-3,-9). (4,-1) and (5,-1).
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17. Find the slope of the line y = 4x — 1 using

the slope-intercept form. Then check your
answer by choosing two points on the line
and using the slope formula.

18. Find the slope of the line 3x - 2y = 6 using

the slope-intercept form. (Hint: First solve
for y to put the equation into the proper
form.)

Writing Equations of Circles

A circle plays a big part in trigonometry, because it’s used when formulating measures
of angles and function values for the trig functions. The unit circle, a circle usually cen-
tered at the origin and always with a radius of 1 unit, is used the most, but the rest of
the circles need to be discussed and worked with, too. Here are the equations of cir-

cles you’ll need:

The equation of any circle with its center at the origin is x°+ y>=r?, where r is the

radius of the circle.

The equation of the unit circle centered at the origin is x*+y*=1.

The equation of any circle is (x — h)2+ ( y- k)2 =r?, where (h,k) are the coordi-
nates of the center of the circle and ris the radius.

Identify the center and radius of thze circle
whose equation is (x—5) + (y+9) =100.

The center is at the point (5,-9). Notice
that there’s ay + 9 in the second parenthe-
ses. Think of that as being y — (-9) to fit the
form. The radius is 10, because 100 is the
square of 10.

S

Write the equation of the circle whose center
is at (-3,0) and that has a radius of 16.

The equation is (x + 3) +y*= 256. Notice
that the 0 isn’t shown. It isn’t necessary
here; you assume that the 0 was subtracted
and the equation simplified.
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’9 Identify the center and radius of the circle 2 0. Identify the center and radius of the circle
. ) ‘ ;
(x-3)+(y+2)=9. (x+5)+(y-6)=16.
21. Write the equation of the circle with its 22. Write the equation of the circle with its

center at (3,2) and a radius of 6. center at (-4,3) and a radius of %
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Graphing Circles

A circle is determined, uniquely, by its center and radius. Graphing circles is done
quickly and accurately by first determining where the center is on the coordinate
plane, and then counting off the radius to the left, right, above, and below that center.
The circle can then be drawn in using the endpoints of those radii.

Sketch the graph of the circle Y
2

(x+1)+(y-1)=4. 5

A. The center is at (-1,1), and the radius is

2 units long. Going up left 2 units from the LD })
center (-1,1), the endpoint of the radius is
(=3,1). Going right 2 units from the center, 5 \ﬁ\ﬁ, 5
the point on the circle is (1,1). Going up
2 units from the center, the endpoint is
(-1,3). And downward 2 units from the

center is the point (-1,-1). The figure 5
shows a sketch of that circle.
23. Sketch the graph of the circle 2 4 Sketch the graph of the circle

2

(x-3)+(y+2)=16. X'+ (y-4)=36.




Chapter 2: Getting Acquainted with the Graph

Answers to Problems on Graphing

The following are the solutions to the practice problems presented earlier in
this chapter.

B Plot the following points on the coordinate plane: (2,-3), (4,2), (-5,3), (-1,4). See the following
figure.

10

o@2)

X
-10 -5 5 10
(-H?os e

Plot the following points on the coordinate plane: (3,0), (-4,0), (0,5), (0,-2). See the following
figure.

0.5

(4,0) 3,0)
-5 5

©-2)

5

Give the coordinates of three different points that lie in quadrant IIl. (-3,-2), (-4,-6), and (-1,-2).
Unless you can read my mind, your answers probably vary. But, in each case, both the x and y
coordinates must be negative numbers, and you won’t have any zeroes.

Give the coordinates of three different points that do not lie in any quadrant. (0,2), (-3,0),
and (5,0).

Your answers probably vary. But, in each case, at least one of the coordinates will be a zero.

Find the length of the hypotenuse of a right triangle if a = 7 yards and b = 24 yards. 25 yards.
Substitute the numbers into the Pythagorean theorem, and solve for c:

7' +24°=c?
49+ 576 = ¢*
625 =c?
25=c
The hypotenuse is 25 yards long.
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A Find the length of leg b in a right triangle with a = 18 feet and ¢ = 30 feet. 24 feet.

Substitute the numbers into the Pythagorean theorem, and solve for b:

182+ b*=30?

324+ b*=900
b*=900- 324
b*=576
b=24

The leg b is 24 feet long.

How long is leg a in the right triangle with b = 24 meters and ¢ = 26 meters? 10 meters.
Substitute the numbers into the Pythagorean theorem, and solve for a:
a’+24%= 26’
a’+576=676
a’=676-576
a’=100
a=10
The leg a is 10 meters long.
[l A right triangle has one leg, a, that measures 9 inches. The other leg, b, is 1 inch shorter than
the hypotenuse. How long are that leg and the hypotenuse? 40 inches and 41 inches.

Let b = ¢ - 1, where c is the length of the hypotenuse. Then, substitute the numbers into the
Pythagorean theorem:

9%+ (c—-1)=c?
8l+c*-2c+1=¢?
82-2c=0
82=2c
41=c
Leg b is 40 inches long, and the hypotenuse is 41 inches long.

A Find the distance between the points (3,-8) and (-5,-2). 10.

Substitute the coordinates into the distance formula:
2 2
d= /[3 - (=5)] +[-8-(-2)|

= /8°+ (-6)
= /64+36
=,/100=10
B4 Find the distance between the points (0,5) and (12,0). 13.
Substitute the coordinates into the distance formula:
d=J(0-12)+(5-0)
= /144 +25
=,/169=13
A1 Find the distance between the points (—4,11) and (5,-2). =~ 15.811.

Substitute the coordinates into the distance formula:




A\
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d=[J(-4-5]+[11-(-2)]
= /(-9 +13°
= /81+169
= /250
=/25/10=5/10

~ 15.811
Find the distance between the points (6,3) and (6,-7). 10.

Substitute the coordinates into the distance formula:

d= /(6—6)2+ [3-(-7)]
=,/0+10?
= /100 =10

These points are on the vertical line. The distance is just the difference between the two
y values.

Find the midpoint of the segment with endpoints (4,-6) and (-8,10). (-2,2).
Substitute into the formula:

M:(4+(2—8)’—6§-10)

-(7h2)-(22)

Find the midpoint of the segment with endpoints (-9,-3) and (15,-5). Then find the midpoints of
the two segments formed. (This, in effect, divides the segment into four equal parts.) (3,-4),

(_39_7/2)9 (9’_%) .

First find the midpoint of the two given points:
M= (—9 +15 =3 +2(-5))

2
=(23)=6.-4)
Then find the midpoint of the segment determined by (-9,-3) and this midpoint:
M= (—92+ 3 3+ (—4))

2
(=6 =7\_(_3 =7
“(ZF) (=)
Lastly, find the midpoint of the segment determined by (15,-5) and the original midpoint:
M= (3+ 15 ~4+ (—5))

2 2
(18 =9\ _(g9 =9
(37)(07)
Find the slope of the line that goes through (8,2) and (-3,-9). 1.

Substitute into the formula:
2-(-9 _11

= t=a=1

M=g=(=3) 11~
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B Find the slope of the line that goes through (4,-1) and (5,-1). 0.

Substitute into the formula:
_Z1-CD o
m=—-5 =170
This is a horizontal line; the y values are the same. The slope of a horizontal line is 0.

Find the slope of the line y = 4x — 1 using the slope-intercept form. Then check your answer by
choosing two points on the line and using the slope formula. 4.

Using the slope-intercept form, since the coefficient of x is 4, the slope is 4. To check this,
choose two points on the line. The two points I've chosen (these are random — yours may
be different) are (1,3) and (-2,-9).
3-(-9
(=9) _12_,

MmE1-(=2)" 3

Find the slope of the line 3x — 2y = 6 using the slope-intercept form. (Hint: First solve for y to

put the equation into the proper form.) %

First subtract 3x from each side of the equation: -2y = -3x + 6. Then divide each term by -2 to

get y= %x— 3. The slope is %

Identify the center and radius of the circle (x - 3) + (y+ 2)2= 9.(3,-2), 3.
Identify the center and radius of the circle (x + 5)2+ ( y- 6)2 =16. (-5,6), 4.
Write the equation of the circle with its center at (3,2) and a radius of 6. (x — 3)2+ (y - 2)2 = 36.
2

4 Write the equation of the circle with its center at (—4,3) and a radius of % (x+ 4)z+ (y - 3) %

EEEERE
~ . <<

7 Sketch the graph of the circle (x - 3) + (y+ 2)2 = 16. See the following figure.

y




Chapter 3
Getting the Third Degree

In This Chapter
Dealing in degrees
Acquainting yourself with angles
Looking at coterminal angles

Tfigonometry is all about angles. Angles can be measured in degrees or radians, but the
starting place is degrees, which is what this chapter is about. Angle measures are the
input values for the trigonometric functions. The size of the angle determines the value of
the function. An angle of 100 degrees makes some functions positive and some negative.
The positions of the angles with respect to the different quadrants is what determines the
signs of the different functions. This chapter acquaints you with the relative positions of the
angles so that the function values will make more sense.

Recognizing First-Ouadrant Angles

Before any angle measures can be covered, the standard position of an angle has to be estab-
lished. An angle in standard position has its initial (beginning) side on the positive x-axis, and
the terminal (ending) side is rotated counterclockwise from that initial side. The sweep of that
terminal side determines the size of the angle formed. Figure 3-1 shows an angle of 30 degrees
in standard position. Notice that the positive x-axis is labeled with 0 degrees, and the positive
y-axis is labeled with 90 degrees.

90

—— X
Figure 3-1: \
An angle of \ 30
30 degrees 1
in standard ! 0
position.
|

The angles in Quadrant I are greater than 0 degrees and less than 90 degrees. They’re all
acute angles. In Figure 3-2, rays are drawn to indicate every 15 degrees in the first quadrant.
The 30-degree angle is drawn in again.
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90

Flgure 3-2: *\ 30
Marking off \
multiples \
of 15
degreesin ! 0
Quadrant .

Is an angle, in standard position, measuring Q.
93 degrees in Quadrant 1?

A. No, this angle is too large. It has to meas- A.
ure less than 90 degrees.

Name all the angles in Quadrant I that are
multiples of 15 degrees.

The angles are: 15 degrees, 30 degrees,
45 degrees, 60 degrees, 75 degrees.

1. Usethe graph shown in the figure, with 2.
15-degree increments, to determine the
measure of the angle in standard position.

90

Use the graph shown in the figure, with
15-degree increments, to determine the
measure of the angle in standard position.

90
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Expanding Angles to Other Quadrants

An angle of 30 degrees is a small part of the entire picture or of a complete circle. It’s a
good point of reference, but there are angle measures well beyond that measure. Any
angle measuring from 0 to 360 degrees can be placed in standard position before termi-
nal sides start repeating themselves. They’'re all measured from the positive x-axis and
go counterclockwise from that ray. Angles in Quadrant I are greater than 0 degrees and
less than 90 degrees. Those in Quadrant Il are greater than 90 degrees and less than
180 degrees. In Quadrant III, they’re greater than 180 degrees and less than 270 degrees.
And in Quadrant 1V, they’re greater than 270 degrees and less than 360 degrees.

Figure 3-3 shows the entire coordinate axis system marked in 15-degree increments.
I've drawn in angles measuring 135 degrees, 195 degrees, and 300 degrees.

|
Figure 3-3:
Angles of
135 degrees,
195 degrees,
and 300
degrees.

135

195

In which quadrant does an angle measuring
260 degrees lie?

A. Quadrant III.

S

£ 300

In which quadrant does an angle measuring
179 degrees lie?

Quadrant II.

3. The graph in the figure shows 15-degree
increments. Give the measure of the angle

drawn on the graph.

The graph in the figure shows 15-degree
increments. Give the measure of the angle
drawn on the graph.

39
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Expanding Angles beyond 360 Degrees

Just when you thought you’d seen everything there is to see as far as angle measures, I'm
here to tell you that there’s more — and more and more. Angle measures aren’t restricted
to numbers between 0 and 360 degrees. They can go on beyond 360. It’s just that angles
greater than 360 degrees have to share terminal sides with other angles. [ provide more
information on that in the “Dealing with Coterminal Angles” section, later in this chapter.

What positive angle measuring less than
360 degrees has the same terminal side as
an angle of 930 degrees?

An angle measuring 210 degrees has the
same terminal side as an angle of 930
degrees. [ determined how many times the
terminal side goes completely around by
subtracting 360 twice. 930 — 360 = 570, and
570 - 360 = 210. Look at the graph of this
angle in the figure.

0.

What positive angle measuring less than
360 degrees has the same terminal side as
an angle of 1650 degrees?

An angle measuring 210 degrees has
the same terminal side as an angle of
1650 degrees. Subtract 360 four times
from 1650 to get 210.

5.

Sketch the graph of an angle of
405 degrees.

0.

Sketch the graph of an angle of
1200 degrees.



Coordinating with Negative Angle Measures

Not all angles have positive measures. An angle in standard position starts its measure
on the positive x-axis and, if it’s positive, goes counterclockwise. You can draw angles
going in the other direction (clockwise) if you indicate that it’s a negative measure.
Why measure in the other direction? Maybe you get dizzy going counterclockwise and
need to turn clockwise. Figure 3-4 shows two angles that have negative measures.

|
Figure 3-4:
Angles

measuring 60/

—60 degrees
and —-330
degrees.

Find an angle between 0 and 360 degrees
that has the same terminal side as with an
angle measuring —80 degrees.

An angle measuring 280 degrees that
has the same terminal side as an angle
of -80 degrees. Add 360 to -80.

Find an angle between 0 and 360 degrees
that has the same terminal side as an angle
measuring —800 degrees.

An angle measuring 280 degrees that has
the same terminal side as an angle of
-800 degrees. Add 360 three times.

Sketch the graph of an angle measuring
-150 degrees.

Sketch the graph of an angle measuring
—240 degrees.

Chapter 3: Getting the Third Degree 4 ’
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Dealing with Coterminal Angles

An angle has an initial side and ferminal side. When two angles share the same terminal
side, they’re said to be coterminal. Angles that are coterminal when they’re in standard
position have a particular relationship. Let angles A and B be coterminal. Then the
measure of angle A is equal to the measure of angle B + 360n, where n is some integer.
If n is positive, then angle A goes through one or more complete revolutions before
ending at the terminal side. If n is negative, then A is a negative angle (if B is less than
360 degrees) and may go through one or more revolutions, also. If n is 0, then A and B
are the same angle.

_Q. Show that the angles measuring 1280 A. Let the measure of all three angles be rep-
degrees and —520 degrees are both cotermi- resented by 200 + 360n:

nal with an angle measuring 200 degrees. When 1 = 0, 200 + 360 (0) = 200 + 0 = 200.

When n = 3, 200 + 360 (3) = 200 + 1080 = 1280.
When n = -2, 200 + 360 (-2) = 200 - 720 =

-520
9. Find the smallest positive angle coterminal 10. Find the measures of two angles coterminal
with an angle of 960 degrees. with an angle of —1000 degrees that both

have absolute values less than 360.
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Answers to Problems on Measuring in Degrees

The following are the solutions to the practice problems presented earlier in
this chapter.

B Use the graph shown in the figure, with 15-degree increments, to determine the measure of the
angle in standard position. 60 degrees.
Each section is 15 degrees, so this angle measures 60 degrees.

Use the graph shown in the figure, with 15-degree increments, to determine the measure of the
angle in standard position. 45 degrees.
Each section is 15 degrees, so this angle is 45 degrees.

The graph in the figure shows 15-degree increments. Give the measure of the angle drawn on
the graph. 135 degrees.
This angle spans 9 sections, so that’s 135 degrees. Another way of looking at it is that Quadrant
I contains 90 degrees. This angle is 45 degrees (three sections) more than that: 90 + 45 = 135.

The graph in the figure shows 15-degree increments. Give the measure of the angle drawn on
the graph. 195 degrees.

This angle spans 13 sections, so that’s 195 degrees. Another way of looking at it is that Quad-
rants I and II contain 180 degrees. This angle is 15 degrees (one section) more than that:
180 + 15 = 195.

Sketch the graph of an angle of 405 degrees. See the following figure.

U 405
*degrees

-
][

A Sketch the graph of an angle of 1200 degrees. See the following figure.

1200
Nl

rees
\eg\ \‘
&

N
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Sketch the graph of an angle measuring —150 degrees. See the following figure.

4150
“degrees

Il Sketch the graph of an angle measuring —240 degrees. See the following figure.

240
degrees/" .\

A Find the smallest positive angle coterminal with an angle of 960 degrees. 240 degrees.
Subtract as many multiples of 360 as possible to find the smallest positive angle: 960 - 360 (2) =
960 — 720 = 240 degrees.

B Find the measures of two angles coterminal with an angle of 1000 degrees that both have
absolute values less than 360. 80 and -280.

First, 1000 + 360 (3) = -1000 + 1080 = 80 degrees. Second, —1000 + 360 (2) = -1000 + 720 = -280.
Both of these — 80 and —-280 — have absolute values less than 360.



Chapter 4
Recognizing Radian Measure

In This Chapter

Measuring in radians

Changing from degrees to radians and back again

Measuring arcs and sectors

M easuring angles in degrees is how trigonometry got started. The number 360 for the
number of degrees wasn’t completely arbitrary, but it was man-chosen and created
to be convenient. Radian measure is something more natural. It’s based on the circumfer-
ence of the circle and on another natural number, n. The advantage that radian measure has
over degree measure is that radian measures are already real numbers. The degree meas-
urement is something that doesn’t combine easily with other numbers. Multiplying degrees
times inches is like trying to multiply apples times cars — they just don’t compute.

A radian is about 57 degrees — and about is the best I can do. A circle is divided into

360 degrees, and it’s also divided into 2n radians — that means there are about 2(3.14) =
6.28 radians in the complete circle — as opposed to 360 smaller measures. Radian measure
is really more usable in science, engineering, and other mathematical applications, because
it’s directly linked to the size of the circle. It’s just that radians aren’t as nice a number to
work with.

Becoming Acquainted with Graphed Radians

|
Figure 4-1:
One radian
is equal to
about 57
degrees.
|

Figure 4-1 shows the graph of 1 radian superimposed on degrees.

1 radian

about 57
degrees
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Most radian measures of angles are given in terms of a multiple of &. But it’s still impor-
tant to acquaint yourself with the relative measures of degrees and radians. When
sketching radian measure, use an estimate of about one-sixth of the circle for each
radian, and you won’t go wrong.

S

In what quadrant will an angle measuring In what quadrant will an angle measuring

2 radians lie? 3.2r radians lie?
A. Quadrant II. Two radians is about A. Quadrant IIl. This is slightly more than 3n
114 degrees. radians. 3r radians is equal to 540 degrees.

The terminal side of an angle of 540 degrees
is the same as an angle of 180 degrees. So
the angle of 3.2n goes slightly past that left
axis into Quadrant IIL

1. Sketchthe graph of an angle measuring 2. Sketch the graph of an angle measuring
3 radians. -2 radians.
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3. Sketch the graph of an angle measuring 4. Sketch the graph of an angle measuring
—-2rn radians. 8 radians.

Changing from Degrees to Radians

Working in trigonometry, calculus, and other mathematical areas can require you to
switch from degree measures to radian measures and back again. You may be lucky
enough to have a calculator to do the conversion for you, but it’s always a good idea to
have a backup in the form of a pencil and paper for computation. A fairly easy formula
will serve to change from one form to the other. You don’t need to memorize two dif-
ferent formulas for the two different conversions.

o R
To change from degrees to radians or vice versa, use the formula % = GT, where 6° is
the general angle theta measured in degrees, and 6 is the same angle theta measured
in radians.

This angle measure is read, “Pi over three
radians.” Next, converting 330 degrees to
radians, follow the same steps as in the
previous example:

Change measures of 60 degrees and
330 degrees to radians.

A. First, converting the 60 degrees, replace
the 6° in the formula with 60 and reduce

. . 330 _ 6%
the fraction on the left: 180~ T
60 _ 6" 11_ 6"
180 ™ 6 T
1_0F 11 _6F
3= R.F:7.7f
Then multiply each side by = to get the 1rx _ oF
measure in radians: 6
1_6
ngz_ﬁ
T _ R
3 =0
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5. Change 150 degrees to radians. 6. Change 105 degrees to radians.

7. Change 900 degrees to radians. 8. Change -450 degrees to radians.
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Changing from Radians to Degrees

Changing from radians to degrees uses the same formula as is used to change from

o R

degrees to radians: 19870 = GT The process is pretty much the same, except that when

the 6% is replaced with the angle value, often, a complex fraction occurs and has to be

dealt with.

Change %‘ radians to degrees.

Substituting the radian measure into the
0 ST
°__6
formula, 180 — & » yousee the complex

fraction on the right. The easiest way to
deal with this is to multiply the numerator
by the reciprocal of the denominator,
reduce the fractions, and simplify:

o % 1.5
180 6 g 6
Then multiply each side by 180 to solve for
the angle measure in degrees.

.0 _5 180"
180 156~ § 180
6° =150

3n

2 radians to degrees.

Change the angle

10. Change the angle ‘%ﬂ radians to degrees.
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11. Change the angle —% radians to degrees. 12. Change the angle 0.628 radians to degrees.
(Hint: The approximation of &, 3.14, has

already been multiplied through to get this
decimal value.)

Measuring Arcs

The distance all the way around a circle is its circumference. A piece of the circumfer-
ence is called an arc. To find the length of a particular arc, all you need is the measure
of the central angle (an angle with its vertex at the center) that cuts off that arc, and
the radius of the circle. In Figure 4-2, there’s a picture of a circle with a radius of 6
inches and a central angle measuring 75 degrees. In the example, I find the length of
the arc cut off by that angle. The formula for finding the length of an arc is s = Or where
0 is the central angle given in radians, and r is the radius of the circle.

|
Figure 4-2:
Anarcina
circle with
radius 6
inches,
determined
by a 75-
degree
angle.
|

75 degrees
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Find the length of an arc in a circle with 15 _0°F
a radius of 6 inches, if the central angle 180 nR
determining it measures 75 degrees. % = GT
A. Tofind the length of an arc in a circle with ?—725 =0F
a radius of 6 inches that’s determined by
an angle of 75 degrees, first change the Then put that radian measure in the for-
75 degrees to radian measure: mula for arc length and solve. You can

use 3.14 to approximate the value of .
s=2L . 6= 5775 ~ 7.85 inches.

1,
73 Find the length of the arc in a circle with a ’4. Find the length of the arc in a circle with
radius of 2 feet, if the central angle deter- a diameter of 8 feet, if the central angle

mining it measures 60 degrees. determining it measures 330 degrees.




52 Part I: Trying Out Trig: Starting at the Beginning

Determining the Area of a Sector

A sector of a circle is like a slice of pie or a wedge of a round cheese. In Chapter 1,
you’ll find a method for finding the area of a sector of a circle by figuring out what frac-
tion of the circle you're dealing with, and then multiplying by the area of the entire
circle. Radians make the job easier, because they fit right into a formula for the area of
a sector. You can’t multiply by degrees — the radians are real numbers and combine

with other real numbers. The formula is: A = %Or2 where 0 is in radians.

Which would you rather have, a piece of an
8-inch pie that’s been cut into sixths or a
piece of a 10-inch pie that’s been cut into
eighths?

This is a problem involving sectors (see
the figure). One-sixth of a pie is % of 2n
radians. The measure of the central angle is
% 2= %t = % An &-inch pie has a 4-inch
radius. Putting the angle and radius into
the formula for the area of a sector,

1l m 4 lbn_8m _
A= 53 4= 6 -3~ 8.3815quare
inches. One-eighth of a pie is 3 of 2w

radians. The measure of the angle is

1l o _2n_m i - i
) 2 = 3 —4.A101nchp1ehasa101nch

pie has a 5-inch radius. Putting the angle
and radius into the formula for the area of

1 m o251
=3

a sector, A= 54 ~ 9.82 square

inches. There isn’t too much difference, but
it looks like the smaller part of the bigger
pie has the larger piece, in terms of area.

8-inch 10-inch

diameter pie diameter pie

15.

Find the area of the sector of a circle with
a 9-inch radius if the central angle of the

sector is %t

,6 Find the area of the sector of a circle with a

12-inch diameter if the central angle of the
sector measures 120 degrees.
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Answers to Problems on Radian Measure

The following are the solutions to the practice problems presented earlier in this chapter.

B Sketch the graph of an angle measuring 3 radians. See the following figure.

3 radians

\

Sketch the graph of an angle measuring -2 radians. See the following figure.

-2 radians

Sketch the graph of an angle measuring —-2n radians. See the following figure.

This is a complete rotation, in clockwise direction.

A

A

Sketch the graph of an angle measuring 8 radians. See the following figure.

8 radians
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Change 150 degrees to radians. *%.

To change 150 degrees to radians, use the formula:

150 _ 0"
180 T
5_0"
6_ I
5_06",
T 6™ 7 7t
511:_ R
-9

Change 105 degrees to radians. "e.
To change 105 degrees to radians, use the formula:

105 _ 0"
180 ™
_o"

SR Sl R~
Il

S = =
=

Change 900 degrees to radians. 5m.

To change 900 degrees to radians, use the formula:

900 _ 6"
180 T

Change -450 degrees to radians. —"%.
To change -450 degrees to radians, use the formula:

~450 _ 6*
180

D 3

n(-

[\][4;1
- Nju

Il
=
-

l\3|gl
<II|>
el

Change the angle %Tn radians to degrees. 135.

To change the angle 3n

3n

<

D  ®
° D

I
IN{[JCRN NIV _,;|§o ;‘|_k
al—

—
x©
S

D
Il

—

w

ol
—
[0}
S

4 radians to degrees, use the formula:
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B4 Change the angle ST radians to degrees. 300.

To change the angle 5:? radians to degrees, use the formula:

<

&
° D

al=

S
° D

w w|o1 wlcn wlg :||w‘g|‘

._.
o
S
oo<Doo
Q”o| o
1
—_
o
S

Change the angle —%t radians to degrees. -210.

To change the angle —% radians to degrees, use the formula:
in
0 __ 6
180 T
o _ _n. 1
180 6 T
C T
180 6
c__1
180- 180~ "6 180
°=-210

Change the angle 0.628 radians to degrees. (Hint: The approximation of &, 3.14, has already
been multiplied through to get this decimal value.) 36.

To change the angle 0.628 radians to degrees, use the same formula as for the other angles:

1%0 0. %28 Now replace the © with 3.14 and simplify:

© 0628
180 ~ 3.14
55=02
0 _

180- 55 = 0.2 (180)
0° =36

Find the length of the arc in a circle with a radius of 2 feet, if the central angle determining it
measures 60 degrees. = 2.09 feet.

To find the length of the arc in a circle with a radius of 2 feet, if the central angle determining it
measures 60 degrees, you need to use the formula for arc length. In that case, the angle has to
be in radians. Change 60 degrees to radians:

60 _o"
180 ™
1_6°
3~ T

n.%:%.n
T _ R
Z-0

Now, use the formula for arc length, s = % -2= %t =~ 2.09 feet.
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Find the length of the arc in a circle with a diameter of 8 feet, if the central angle determining it
measures 330 degrees. = 23.04 feet.

To find the length of the arc in a circle with a diameter of 8 feet, if the central angle determining
it measures 330 degrees, first you need to change the 330 degrees to radians:

330 _ 0°
180 T
11_0"
6_ T
n.%:%’e.n
Hn _ gr
6 =0

You need the radius, not the diameter. Half of 8 is 4, the radius. Now, use that in the formula for

the arc length: s = % 4= % =~ 23.04.
Find the area of the sector of a circle with a 9-inch radius if the central angle of the sector is %
=~ 106.03 square inches.

Use the formula for the area of a sector, A= %(%) 9%= ?—725 -81= % =~ 106.03 square inches.

Find the area of the sector of a circle with a 12-inch diameter if the central angle of the sector
measures 120 degrees. = 37.70 square inches.

To find the area of the sector of a circle with a 12-inch diameter if the central angle of the sector
measures 120 degrees, first change the 120 degrees to radians:

120 _ 0"
180 7
2_0°
3_7t
n~%:%}?~n
2 _ o
=0

Use this radian measure and the radius of the circle, 6 inches, in the formula for the area of a
sector: A= %(%) 6= % -36 = 121 = 37.70 square inches.



Chapter 5

Making Things Right
with Right Tnangles

In This Chapter
Examining the right triangle
Using Pythagorean triples
Identifying special right triangles
Applying the right triangle to practical applications

Fe right triangle can take on many different sizes and shapes, but all right triangles have
one important characteristic: They have a right angle — the two shorter sides of the tri-
angle meet to form a 90-degree angle. Triangles can have only one right angle. The other two
angles are acute angles. The two acute angles are also complementary, and some interesting
properties arise in the trig functions because of this.

Naming the Parts of a Right Triangle

A right triangle has six parts, like any other triangle. Special designations for right triangles
are used to identify particular properties. The two shorter sides — the ones opposite the
acute angles — are called the legs. The longest side is called the hypotenuse. The hypotenuse
is always opposite the right angle. The legs also have special names, when they’re being
considered with respect to a particular acute angle. A leg is called opposite or adjacent,
depending on whether it’s not a part of the acute angle (opposite) or whether it’s one of the
sides of the acute angle (adjacent). And the names change for the legs, depending on which
acute angle you're talking about at the time.

Look at the triangle ABC in Figure 5-1 and the different descriptions that can arise. The seg-
ment CD is perpendicular to the side AB, creating two right triangles within a right triangle.

| D
Figure 5-1:
Two right
triangles
within
aright
triangle.
C B

|
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In Figure 5-1, when considering acute angle B in triangle ABC, side AC is opposite and
side BC is adjacent to angle B. When considering acute angle A in triangle ABC, side BC
is opposite and side AC is adjacent to angle A.

In triangle ABC, side AB is the hypotenuse. In triangle ACD, side AC is the hypotenuse. In
triangle BCD, side BC is the hypotenuse.

In Figure 5-1, look at triangle ACD. What Q. In Figure 5-1, look at triangle BCD. What
side is opposite angle ACD in that triangle? side is opposite angle B in that triangle?
A. SideADis opposite angle ACD. A. SidecDis opposite angle B.
1. Figure 5-1, what side is opposite angle A 2. I Figure 5-1, what side is adjacent to angle

in right triangle ACD? B, in right triangle BCD?
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3. In Figure 5-1, name the three right angles. 4. In Figure 5-1, what acute angle in triangle
ACD is the same measure as angle BCD in
triangle BCD? (The three triangles are all
similar to one another — they have angles
that correspond and are equal to one
another.)

Completing Pythagorean Triples

A Pythagorean triple is a listing of three numbers that satisfy the Pythagorean theo-
rem. Some examples of Pythagorean triples are: {3, 4, 5}, {5, 12, 13}, and {21, 220, 221}.
A Pythagorean triple provides a solution to a’+ b*= ¢*. There’s a great formula that will
generate an infinite number of Pythagorean triples that are integers (not fractions).
You can choose any two positive integers — call them s and . Let s be larger than ¢
Then the following three numbers are a Pythagorean triple: {2st, s*—t*, s*+t*}. For
instance, if s =6 and ¢t = 1, then 2st = 12, s’ t’=36-1=35and s*’+t’=36+1=37.

You get the Pythagorean triple: {12, 35, 37}. Substituting those numbers into the
Pythagorean theorem:

12+ 35%=37*
144+ 1225=1369

Find any Pythagorean triples that occur When s = 6, t = 2, then 2st = 24, s~ t*=
when st = 12, 36-4=32,and s’+t*=36+4=40. The
triple: {24, 32, 40}.
A. The product sf = 12 occurs when s = 12, When s = 4, t = 3, then 2st = 24, s*— t2=
t= 1;01‘s=6,t=2;ors=fl,t=3.Sothere 16-9=7, and s+ t*= 16 + 9 = 25. The
are three Pythagorean triples to create. triple: {24, 7, 25}.

When s = 12, t = 1, then 2st = 24, s*—t*=
144-1=143, and s*+t*= 144+ 1= 145.
The triple: {24, 143, 145}.
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5.  Use the formula for finding a Pythagorean 6. Use the formula for finding a Pythagorean
triple when s =5 and ¢ = 3. triple when s =9 and ¢ = 2.
7. Use the formula to find all Pythagorean 8. Use the formula to find all Pythagorean

triples that occur when st = 6.

triples that occur when st = 70.
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Completing Right Triangles

The three sides of a right triangle must satisfy the Pythagorean theorem. This is very
useful to carpenters who can use this to be sure that the sides of a house meet in a right
angle. They’ll measure the distance from the corner to a designated point on one wall,
then the distance from the same corner to a designated point on the other wall (all of this
at the same level above the ground). Then, measuring from point to point, they expect to
get a value that will complete the Pythagorean theorem or they square the corner.

A carpenter has made the measurements
in the figure. Check to see if the corner
is square — do the numbers satisfy the
Pythagorean theorem?

" 14 feet, 7 inches
4 feet, 1 inch

14 feet

A. Inserting the numbers into the
Pythagorean theorem:

2 N 2
142+(4i) ' <14l>

12 12
o, (49Y 2 (175Y
14 +<12> - < 12>
2401 * 30625
196+ 41 = Taa
28224 2401 ! 30625
144 T T44 - 144
30625 _ 30625
44 " 144

This does work. The corner is a right angle.
Of course, a clever carpenter would pick
measures for the two legs that are known
values in a Pythagorean triple, such as

3 feet and 4 feet — and would expect a
hypotenuse of 5 feet.

9. Find the missing measure in the right trian-
gle shown in the figure.

12

10. Find some measures that complete the
right triangle shown in the figure, using the
formula for the value of the hypotenuse
and determining a pair of perfect squares
that work.

50
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Working with the 30-60-90 Right Triangle

One of the two special types of right triangles is the 30-60-90 right triangle. What makes
it special is the relationship between the lengths of the sides. Oh, there’s always the
relationship of the Pythagorean theorem, but something even more special occurs in

these triangles.

In a 30-60-90 right triangle, the hypotenuse is always twice the length of the shorter leg
(the one opposite the 30-degree angle), and the longer leg (opposite the 60-degree

angle) is always /3 times as long as the shorter leg (that’s about 1.73 times as long).

Figure 5-2 shows a 30-60-90 right triangle and the relative lengths of the sides.

30

2
x\3=1.73x X

|
Figure 5-2:

A 30-60-90
right

triangle. 90 60

e
\‘V 0 If you know that the hypotenuse of a
30-60-90 right triangle measures 8 feet,

then how long are the legs?

A.

Because the hypotenuse in this triangle is
twice the length of the shorter leg, then the
shorter leg is 4 feet long. The longer leg is
/_ 3 times that or 4 /_ 6.92 feet long.



’ ’ Find the measures of the other two sides of
a 30-60-90 right triangle if the shorter leg is
2 inches long.
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’2. Find the measures of the other two sides of
a 30-60-90 right triangle if the longer leg is
7 /§ feet long.

73 Find the measures of the other two sides of
a 30-60-90 right triangle if the shorter leg is
3/3 yards long.

’4 Find the measures of the other two sides of
a 30-60-90 right triangle if the longer leg is
6 inches long.
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Using the Isosceles Right Triangle

The other special right triangle is the isosceles right triangle, otherwise known as
the 45-45-90 right triangle. There are special relationships between the sides of this
triangle — in addition to the Pythagorean theorem relationship.

In an isosceles right triangle, the length of the hypotenuse is always /é times the
length of either leg (which, of course, are the same measure, because the triangle is
isosceles). This means that the hypotenuse is about 1.41 times as large as the legs.

Figure 5-3 illustrates the 45-45-90 right triangle.

xV2=1.41x

LY
Figure 5-3:
An isosce-

les right
triangle.

You're told that the perimeter of an isosce- then the sum of the two legs would be 4,

les right triangle is 2 + 2 /2 inches. How and the perimeter would be 2+2+2./2 =
long are the sides of the triangle? 4+2 /2. The other way to get the 2/2 in
the perimeter is if each of the legs is /2
A. You may be tempted to say that the two inches long. Then you’d have, for the
legs are each 2 inches, because there’s the perimeter, /2 + /2 + /2,/2 =2/2 + 2. This

2 ﬁ in the sum. But if that were the case, seems to be it.
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15. Find the measures of the two legs of the 16. Find the measures of the three sides of the
isosceles right triangle that has a isosceles right triangle that has an area of
hypotenuse measuring 10 feet. 18 square yards.

Using Right Triangles in Applications

Now it’s time to make use of these right triangles and show how they can solve practi-
cal problems. The right triangle can be used if you know the measures of two sides and
need a third. Also, if you have one of the special right triangles (the angle measures are
available) you just need the measure of one of the sides to get the others.

Clay has sighted his cat at the top of a tree. A. The measures 8 and 15 are the legs of
He needs to find a ladder long enough to a right triangle. Using the Pythagorean
retrieve the darling kitty. The tree is 15 feet theorem:

tall, and Clay will put the foot of the ladder

in a secure spot that’s 8 feet from the base 8%+ 15%=¢?

of the tree. How long a ladder does he need 64 + 225 = ¢

to reach the top of the tree? Look at the 989 = ¢
figure, which shows the relative measures. =¢

c=4/289=17

So Clay needs a ladder that’s 17 feet long.
Of course, by the time he finds one and
puts it into place, the kitty will have
climbed down by herself. They tend

to do that.

kitty

15 feet

8 feet
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17. Hankis flying a kite and has his entire 18. How long a fishing rod can you put into a
100 feet of string out. Hershel is directly box that’s 3 feet by 5 feet by 8 feet? You
under Hank’s kite and is standing 28 feet need to find the diagonal length from one
from him. How high is the kite? corner to its opposite.

’9. Gladys is at an art museum and getting a 20. What is the area of a regular hexagon (a six-
sore neck from looking up and down at the sided polygon with equal sides) when its
pictures. When she stands in front of a pic- sides are 4 feet long? (Hint: Subdivide it
ture that’s 6 feet high (its length is 6 feet), into six equilateral triangles.)

she can see 30 degrees above her eye level
without tilting her head and she can see
60 degrees below eye level without tilting
her head. How far from the picture must
she stand to be able to see the whole thing
and not move her head?
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21. Stephanie walks 3 miles east and then 22. Crystal sights the top of a 100-foot tower
3 miles north. Chelsea joins her, but she and notes that the angle formed from the
walks on the diagonal (the hypotenuse of ground to the top of the tower is 45 degrees.
the right triangle). Chelsea sits and waits David is on the opposite side of the tower
while Stephanie walks another 12 miles from Crystal, sights the top of the tower,
east and 5 miles north. Again, Chelsea joins and notes that the angle formed from the
her by walking the diagonal. How much far- ground to the top of the tower is 30 degrees.

ther did Stephanie walk than Chelsea? How far apart are Crystal and David?
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Answers to Problems on Right Triangles

The following are the solutions to the practice problems presented earlier in this chapter.
BN In Figure 5-1, what side is opposite angle A in right triangle ACD? Side CD.

In Figure 5-1, what side is adjacent to angle B, in right triangle BCD? Side BD.
The side that is adjacent to angle B in right triangle BCD is side BD. Side BC is the hypotenuse,
because it’s opposite the right angle.

In Figure 5-1, name the three right angles. Angle ACB, angle ADC, and angle BDC.
The vertex of the angle is always named as the middle letter.

In Figure 5-1, what acute angle in triangle ACD is the same measure as angle BCD in triangle

BCD? (The three triangles are all similar to one another — they have angles that correspond
and are equal to one another.) Angle A.

Both of the angles, BCD in triangle BCD and A in triangle ACD, are between the hypotenuse and
the shorter leg in their respective triangles.
Use the formula for finding a Pythagorean triple when s = 5 and ¢ = 3. {30, 16, 34}.
2st=2(5)(3)=30
s*—t'=5°-3?=25-9=16
s’+t°=25+9=34
The triple is {30, 16, 34}.

A Use the formula for finding a Pythagorean triple when s = 9 and ¢ = 2. {36, 77, 85}.
2st=2(9)(2)=36
sP-=9°-2"=81-4="77
s’+1°=81+4=85
The triple is {36, 77, 85}.
Use the formula to find all Pythagorean triples that occur when st = 6. {12, 35, 37} and
{12, 5, 13}.
There are two possibilities for the values of sand t:s=6,t=10rs=3, = 2:
s =6, t=1 means that
2st=2(6)(1)=12
s*=t'=6"-1"=36-1=35
s’+t°=36+1=37
The triple is {12, 35, 37}.
s =3, t=2, means that
2st=2(3)(2)=12
s'—1'=3"-2"=9-4=5
s’+t?=9+4=13
The triple is {12, 5, 13}.
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Al Use the formula to find all Pythagorean triples that occur when st = 70. {140, 4899, 4901},
{140, 1221, 1229}, {140, 171, 221}, and {140, 51, 149}.

There are four possibilities for the values of sand t-s = 70,t=1;0ors=35,t=2;0ors = 14,t=5;

ors=10,t=7.

s =70, t = 1 means that
2st=2(70)(1) = 140

s?—t*=70"-1?=4900 - 1 = 4899

s+ t°=4900+ 1 =4901

The triple is {140, 4899, 4901}.

s =35, t = 2, means that
2st=2(35)(2) =140

s’—1?=35"-2°=1225-4=1221

s’+17=1225+4=1229

The triple is {140, 1221, 1229}.

s = 14, t = 5 means that
2st=2(14)(5) = 140

s’—1?=14*-5*=196-25=171

'+ t°=196 + 25 =221

The triple is {140, 171, 221}.

s =10, t = 7, means that
2st=2(10)(7) =140

s’—1*=10*-7=100-49 =51

s+ =100+ 49 = 149

The triple is {140, 51, 149}.

A Find the missing measure in the right triangle shown in the figure. 13.
Use the Pythagorean theorem:
5°+12%=¢?
25+ 144=¢?
169=c’
13=c¢

B2 Find some measures that complete the right triangle shown in the figure, using the formula for
the value of the hypotenuse and determining a pair of perfect squares that work. 14 and 48.

You need to find s and ¢ such that s*+ t*=50. The perfect squares less than 50 are: 1, 4, 9, 16, 25,
36, 49. The two that add up to 50 are 49 and 1. This is the only answer that has both s and ¢ as
integers. Using the 49 and 1, s = 7and = 1. 2st = 14, and s*— t*=49 — 1 =48. So the three sides
are: 50, 14, and 48. As it turns out, there are rational numbers that work. If you square 3.4 and
6.2, their sum is 50. The sides of this triangle are: 50, 42.16, and 26.88. There are probably other
solutions, but they would involve fractions or radicals. The one integral solution is just fine.

FI} Find the measures of the other two sides of a 30-60-90 right triangle if the shorter leg is 2 inches
long. = 3.46 inches and 4 inches.

The longer leg measures 2 /3 ~ 3.46 inches, and the hypotenuse is twice the shorter leg,
4 inches.
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Find the measures of the other two sides of a 30-60-90 right triangle if the longer leg is 7 /3 feet
long. 7 feet and 14 feet.

The shorter leg measures 7 feet, and the hypotenuse measures 14 feet.

Find the measures of the other two sides of a 30-60-90 right triangle if the shorter leg is 3 /3
yards long. 9 yards and = 10.39 yards.

The longer leg is /3 times the shorter leg, soit’s /5(3 ,/5) =3,/9=3 (3) =9 yards long. The
hypotenuse is twice the length of the shorter leg, so it’s 2 (3 ﬁ) = 6,/3 ~ 10.39 yards long.

Find the measures of the other two sides of a 30-60-90 right triangle if the longer leg is 6 inches
long. = 3.46 inches and =~ 6.93 inches.

The longer leg is /3 times the length of the shorter leg. Let the length of the shorter leg be
represented by x. Then x J/3=6. Dividing each side by /3, you get

xJ/3
o

|\

ﬁ
x—% /EZT[ 2/3 ~ 3.46 inches

for the length of the shorter leg. The hypotenuse is twice this or 2 (2 ,/5) =4.,/3 ~ 6.93 inches.

Find the measures of the two legs of the isosceles right triangle that has a hypotenuse measur-
ing 10 feet. = 7.07 feet.

Let x represent the length of the legs of the triangle. Then
x/2=10
x/2_10
/2 f
10 V2 1042 5 /5 707 feet

x = —
202 2
Find the measures of the three sides of the isosceles right triangle that has an area of 18 square
yards. 6 yards, 6 yards, and 6 /2 yards.

You know that the area of a triangle is half the base times the height. In an isosceles right triangle,
the two legs are the base and height. If the area is 18 square yards, then let the legs be repre-
sented by x, and

-1
A= 5 bh
1 1
18=§x(x)=§x2
Multiplying each side by 2 and taking the square root of each side,

36 =x*
6=x

The two legs are each 6 yards long, which means that the hypotenuse is 6 ﬂ yards long.
Hank is flying a kite and has his entire 100 feet of string out. Hershel is directly under Hank’s
kite and is standing 28 feet from him. How high is the kite? 96 feet.

Refer to the figure for the relative positions of the numbers given. Let the unknown height be
represented by x. Using the Pythagorean theorem,
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28%+ x*=100?
784+ x*= 10,000
x*=10,000- 784
x?=9216
x=96
So the kite is 96 feet up in the air.

100 feet

28 feet H

BEd How long a fishing rod can you put into a box that’s 3 feet by 5 feet by 8 feet? You need to find
the diagonal length from one corner to its opposite. = 9.9 feet.

The fishing rod can be put in the box on the diagonal, so it’ll go from the bottom-front corner to
the top-back corner on the other side. Refer to the left side of the figure.

Fishing
rod 8 - 8

First, find the diagonal across the bottom of the box. This is one of the legs of the right triangle
needed to solve the problem. Let the diagonal distance across the bottom be represented by c.
Half of the bottom is a right triangle with legs measuring 3 feet and 5 feet. The value of c is the
hypotenuse of that right triangle. Solving for ¢, using the Pythagorean theorem,

3*+5%=¢?
9+25=c?
34=c*
/34=c
So the diagonal across the bottom is /34 feet. This is the measure of the bottom leg of the
right triangle that’s inside the box. The other leg measures 8 feet. Let the measure of the

hypotenuse — which is the measure of the rod — be represented by r. Using the two leg
measures and the rin the Pythagorean theorem,




72 Part I: Trying Out Trig: Starting at the Beginning

(/34) +8:=r"

34+64=r

98 =r?
r=,/98=7,/2~99

So a fishing rod measuring almost 10 feet will fit in the box. Of course, most fishing rods come
apart, but this might be a good old bamboo pole.

Gladys is at an art museum and getting a sore neck from looking up and down at the pictures.
When she stands in front of a picture that’s 6 feet high (its length is 6 feet), she can see 30 degrees
above her eye level without tilting her head and she can see 60 degrees below eye level without
tilting her head. How far from the picture must she stand to be able to see the whole thing and
not move her head? = 2.6 feet.

Refer to the figure for a sketch of what is going on here.

6 feet

The object of this problem is to solve for the distance, d. This distance is the sum of x and y,
from the figure. In the top triangle, x is the shorter leg in a 30-60-90 right triangle, and d is the

longer leg in that triangle, so d= J3x. Solving for x, x = % = */gd . In the bottom triangle,

y is the longer leg in a 30-60-90 right triangle, so y = J/3d. Adding x and y together,

J3d

x+y:T+/§d

_J/3d 3/3d
tT3

3
4/3d
-3

This sum is equal to 6 feet, so, setting it equal to 6,
4/3d
6= 3

18=4,/3d
g 18 _ 9 943 3/3 .
4/§ 2/§ 2-3 3 )

Gladys needs to stand about 2.6 feet away from the picture.

What is the area of a regular hexagon (a six-sided polygon with equal sides) when its sides are
4 feet long? (Hint: Subdivide it into six equilateral triangles.) = 41.57 square feet.

Look at the figure.
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A C

An equilateral triangle has three 60-degree angles. By drawing in the altitude in the bottom tri-
angle, two 30-60-90 right triangles are formed. The lengths of the sides of those two triangles

are: 2,4, and 2 /3. The longer leg is the height of the triangle, and the base is 4 feet. Using the
formula for the area of a triangle, the area of one of the equilateral triangles is

-1
A=7bh

=3(4)(243)
=4/3 square feet

Because there are six equilateral triangles, multiply this area by 6, and the area of the hexagon
is 6(4 /5) = 24/§ ~ 41.57 square feet.

Stephanie walks 3 miles east and then 3 miles north. Chelsea joins her, but she walks on the
diagonal (the hypotenuse of the right triangle). Chelsea sits and waits while Stephanie walks
another 12 miles east and 5 miles north. Again, Chelsea joins her by walking the diagonal. How
much farther did Stephanie walk than Chelsea? 6 miles.

Stephanie is walking the legs of two right triangles, and Chelsea is walking the hypotenuses.
Look at the figure, and you’ll see what [ mean.

12

,
—

3

Stephanie walked a total of 24 miles: 3 + 4 + 12 + 5 = 24.

Chelsea walked a total of 18 miles. The first part of her walk was 5 miles. This is the hypotenuse
of a 3-4-5 right triangle. The second part of her walk was 13 miles. This is the hypotenuse of a
5-12-13 right triangle.

So Stephanie walked 6 miles farther than Chelsea to get to the same place.

If the numbers hadn’t turned out this nicely, you could use the Pythagorean theorem to solve
for the missing values in the right triangles.
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Crystal sights the top of a 100-foot tower and notes that the angle formed from the ground
to the top of the tower is 45 degrees. David is on the opposite side of the tower from Crystal,
sights the top of the tower, and notes that the angle formed from the ground to the top of the
tower is 30 degrees. How far apart are Crystal and David? = 273 feet.

Look at the figure for more information on this situation.

45

100 feet

30

X

y

The distance between Crystal and David is the sum of the distances x and y. In the left triangle,
x is one of the two equal legs of an isosceles right triangle. The other leg is the 100-foot tower,
so x also is 100 feet long. In the right triangle, y is the longer leg of a 30-60-90 right triangle. The

shorter leg is 100 feet long, so y is equal to 100,/3. Add the two together, and the distance
between the two is 100+ 100 /§ ~ 273 feet.
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Chapter 6

Defining Trig Functions
with a Right Triangle

In This Chapter

Assigning parts of triangles for function values
Reassigning and coordinating function values
Using trig functions in applications

Fle measures of angles, whether they’re in degrees or radians, are the input values

for trigonometric functions. There are six basic trig functions: sine, cosine, tangent,
cotangent, secant, and cosecant. These functions have output values that are real numbers.
These output values are the result of operating on angle measures. In this chapter, the func-
tions are defined in terms of the measures of the sides of a right triangle. These definitions
are expanded on in Chapter 8, where angles that couldn’t be in a right triangle are introduced
into the big picture.

The trigonometric functions, when defined in terms of a right triangle, are the ratios between
pairs of sides. An acute angle is chosen, and sides are considered with respect to this angle.
Use Figure 6-1 in the discussions of the different functions in this chapter.

|
Figure 6-1: ¢
A right trian-
gle used to
describe the
trig func-
tions. p
— a

A common way of labeling a triangle is to name the angles with capital letters and the sides
opposite the angles with corresponding lowercase letters.
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Defining the Sine Function

The sine function (not to be confused with sign or sighing) is defined as being the ratio
formed when the length of the side opposite an acute angle in a right triangle is divided
by the length of the hypotenuse. In the triangle in Figure 6-1, the sine of angle B is b/,
and the sine of angle A is a/c. The sine is abbreviated sin. So the correct mathematical

notation for these relationships is sinB = -lC)-, sinA = Ccl

Use the triangle shown in the figure to
determine the sine of angle A.

A.

Using the triangle, sinA = g It’s the
opposite side divided by the hypotenuse.

Use the triangle in the figure to find sin B.

A

13

12 C

Use the triangle in the figure to find sin A.

A

24 C
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Cooperating with the Cosine Function

The cosine function is complementary to the sine function, sort of like cosigning a loan.
The cosine is defined as the ratio formed when the length of the side adjacent to an
acute angle in a right triangle is divided by the length of the hypotenuse. In Figure 6-1,
the cosine of angle B is a/c, and the cosine of angle A is b/c. The cosine is abbreviated

cos. The correct mathematical notation for these relationships is cosB = -g—, COSA = lC)
Use the triangle shown in the figure to A. The cosineis the length of the adjacent side
determine the cosine of angle B. divided by the length of the hypotenuse, so
e _ 40
A in this triangle cosB = Al
41
9
B 40 e
3. Use the triangle in the figure in the example 4 Use the triangle in the figure to find the
question to find the cosine of angle A. cosine of angle A.
A
8
30 degrees

79
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Sunning with the Tangent Definition

The tangent function could be about soaking up rays (of angles), but it’s really more
down to earth. The tangent is defined as the ratio formed when the length of the side
opposite an acute angle in a right triangle is divided by the length of the adjacent side
of that same triangle. In Figure 6-1, the tangent of angle B is b/a, and the tangent of
angle A is a/b. The tangent is abbreviated tan. The correct mathematical notation for

these relationships is tanB = %, tanA =

Use the triangle in Figure 6-1 to determine
the tangents of angles A and B.

tanA = # = /§ and

4 /3

1 .
tanB = ——= = —— = “5—. Do you notice
a3 B 37

something interesting about these ratios?
They’re reciprocals of one another. Maybe

it’s more evident in the definitions, earlier,
where the tangents are b/a and a/b. This
property holds for all right triangles and
for complementary angles, in general.
Complementary angles have a sum of

90 degrees. The tangents of complemen-
tary angles are reciprocals of each another.
This comes up again when the trig identities
are formulated.

Use the triangle in the figure to determine
the tangent of angle B.

A

17

Find the tangent of angles A and B in the
figure.

A

45 degrees
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Hunting for the Cosecant Definition

The cosecant function often makes me feel like I'm telling an insect to look for some-
thing: Go Seek, Ant! Yes, that’s really stretching it, but sometimes it helps to insert
some levity when trying to differentiate among all these trig functions.

The cosecant function is defined as the ratio formed when the length of the hypotenuse
in a right triangle is divided by the length of the opposite side. This function is actually
the reciprocal of the sine function, which has the division in the opposite order. In
Figure 6-1, the cosecant of angle B is ¢/b, and the cosecant of angle A is ¢/a. The cose-
cant is abbreviated csc. The correct mathematical notation for these relationships is

- < -C
cscB= b cscA=G.

Use the figure to determine the cosecant of
angle B.

60 C

[ first have to find the length of the
hypotenuse. Using the Pythagorean
theorem,

607+ 9°=¢?
3600+ 81 =¢?
3681 =c?
c=61

The hypotenuse is 61 units long. Because

the cosecant is the hypotenuse divided by

the side opposite angle B, cscB = %

Find the cosecant of angle A in the figure in
the example question.

Find the cosecant of the triangle whose
. .. 5
sine is 3.

81
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9. Usethe figure to determine the cosecant of 10. 1n a certain 30-60-90 right triangle, the
angle B. length of the hypotenuse is 2 ,/75. What is
the cosecant of the acute angle opposite
A the longer leg?
1
30 degrees )
B C

Defining the Secant Function

If you keep mixing up the words of songs, you might sing Oh see can’t you say. . . . The
secant function is defined as the ratio formed when the length of the hypotenuse in a
right triangle is divided by the length of the adjacent side. In Figure 6-1, the secant of
angle B is ¢/a, and the secant of angle A is ¢/b. The secant is abbreviated sec. The correct

mathematical notation for these relationships is secB = -(Ci, secA= IC)

If the sides of a right triangle measure 28, A. The smallest side of a triangle is always
53, and 45, find the secant of the smaller opposite the smallest angle, so the side
acute angle. measuring 28 is the opposite side of this

angle, and 45 is the adjacent side. The

longest side of a right triangle is the

hypotenuse, so the ratio of the hypotenuse
53

to the adjacent side in this case is s
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11. Find the secant of angle A in the triangle in 12. Find the secant of the acute angles in the
the figure. triangle shown in the figure.
A A
10 c
6
v 45 degrees v
B —C B —C

Coasting Home with the Cotangent

How is a cotangent co- with a tangent? It’s because their function values are recipro-
cals of each another. The cotangent is defined as the ratio formed when the length of
the side adjacent to an acute angle in a right triangle is divided by the length of the
opposite side. In Figure 6-1, the cotangent of angle B is a/b, and the cotangent of
angle A is b/a. The cotangent is abbreviated cot. The correct mathematical notation

for these relationships is cotB = g’ cotA = %.

In a right triangle, the hypotenuse is 1 unit Subtract 4x* and 1 from each side, set the
greater than twice the shorter leg, and the equation equal to 0, and solve for x:
longer leg is 1 unit less than twice the )
shorter leg. What are the cotangents of the X7 dx=dx
two acute angles? x'~8x=0

x(x-8)=0

A. The measures of the three sides can be rep-

resented by: x, 2x -1, and 2x + 1. The cotan- The solutions of this equation are 0 or 8.
gent is adjacent divided by opposite for The 0 doesn’t make sense, so the 8 is the
each acute angle, and the two legs are the x only solution. This means that the three
and 2x — 1. The two ratios formed for the sides are: x=8,2x-1=15,and 2x + 1 = 17.
cotangent are: 2Xx_ - 2xx— 1 16 find the The cotangent olfsthe smaller of the two
value of x, use the Pythagorean theorem: acute angles is 8 and the cotangent of

the larger angle is 2

X+ (2x—1f = (2x+ 1) 15
X +4xP—4x+1=4x"+4x+1
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’3 Find the cotangent of angle B in the trian- ’4. Compare the cotangents of the smaller of
gle shown in the figure. the two acute angles in right triangles with
sides: 3, 4, 5; 6, 8, 10; and 15, 20, 25. Do they
A increase by the amount that the sides are
IRt
|18 multiplied?
B 120 C
15. Find the cotangent of the angle A in the tri- 16. Find the cotangent of the acute angles in an
angle shown in the figure. isosceles right triangle.
A
5n
B 4n —C
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Establishing Trig Functions for Angles
in Special Right Triangles

The trig functions for specific angles are always the same, no matter what size right
triangle they’re in. The sine of 30 degrees is % no matter what. Special right triangles
come in very handy when computing the values of the trig functions for their acute
angles. The two special right triangles shown in Figure 6-2 have the measures of their
sides indicated in general, but, no matter what you let x be (as long as it’s a positive
number), the different trig functions for the angles will come out the same.

A A
45
2x X\E
| X X
Figure 6-2:
The two
special right 30 45
triangles. : :
B B
—— 3 C X C
Find the cotangent of 60 degrees. A. The cotangent is the ratio of the adjacent
side divided by the opposite side.
Using the measures in Figure 6-2,
_ox _ 1 _ /3
cotb0=—"==—F=="F".
x/3 /3 3
1 7 Use Figure 6-2 to find the sine, cosine, and ’8. Use Figure 6-2 to find the sine, cosine, and

tangent of 30 degrees.

tangent of 45 degrees.
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’9 Use Figure 6-2 to find the sine, cosine, and 2 0. Use Figure 6-2 to find the cosecant, secant,
tangent of 60 degrees. and cotangent of 30 degrees.

Applying the Trig Functions

The right triangle is very useful when solving practical problems where the lengths of
two of the sides are known, and solving for the third measure ends up being the
answer to the problem. Good old Pythagoras comes in handy in those cases.

Using trig functions, problems can be solved when only one side has a known meas-
ure. What’s needed to complete the problem is the measure of one of the acute angles.
The applications here will deal with situations where the known angle is 30 degrees,

45 degrees, or 60 degrees. Other angles can be used if you have a table of values or a
scientific calculator, and those work the same way as these problems. Use the function
values for the angles from the previous section in this chapter.



Doug’s golf cart is having trouble. It can’t go
up an incline that’s steeper than 30 degrees.
He wants to drive it up a ramp to the top of
a 40-foot-high platform. How long a ramp
will he need?

In the figure, you can see that a 30-60-90
right triangle can be used to solve this.
You have the length of the side of the trian-
gle opposite the 30-degree angle. What’s
needed is the length of the hypotenuse.
The sine function is the ratio of the oppo-
site divided by the hypotenuse. The sine of
30 degrees is %, so write a proportion using
this value and the function, and solve for
the unknown, represented by the x:
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1 _ _opposite

2 hypotenuse
1_40
2

sin30 =

X

Cross multiply to get x = 80. The ramp
needs to be 80 feet long.

40 feet

21.

Jim and Jane are walking east toward the
main road. Jane decides to cut diagonally
to the north at an angle of 30 degrees north
of east. Jim continues on for the last 20 feet
to the road. How far apart are they when
they both reach the road? (See the figure
for an illustration.)

30

20 feet

22. When Attila leans his ladder against the
castle wall, the base of the ladder is 9 feet
from the wall, and the angle formed is
60 degrees. How long is the ladder?

(See the figure for an illustration.)

60
9 feet
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Answers to Problems on Defining
Trig Functions

The following are the solutions to the practice problems presented earlier in
this chapter.

Use the triangle in the figure to find sin B. sin B= %
The sine is the ratio of the measure of the opposite side divided by the hypotenuse. sinB = %

Use the triangle in the figure to find sin A. sin A = g—g

First, use the Pythagorean theorem to find the measure of the missing side:
24%+ 7= ¢?

576 +49=c’
625=c*
c=25
The hypotenuse is 25 units long, so sinA = %
Use the triangle in the figure in the example question to find the cosine of angle A. cos A = %
The cosine is the ratio of the adjacent side divided by the hypotenuse: cosA = %

Use the triangle in the figure to find the cosine of angle A. %

In a 30-60-90 right triangle, the length of the shorter leg is half the length of the hypotenuse.
Half of 8 is 4; this shorter side is the side adjacent to the 60-degree angle, so the cosine of a

60-degree angle is found with: cos60 = 3= %

Use the triangle in the figure to determine the tangent of angle B. %

The tangent is the length of the opposite side divided by the length of the adjacent side, so first
use the Pythagorean theorem to solve for the missing side:

a’+8°=17’
a’+64=289
a’=225
a=15
Dividing the opposite by the adjacent, tanB = %

Find the tangent of angles A and B in the figure. 1 and 1.

Let x represent the length of either leg. Because this is an isosceles right triangle, the two legs
have the same measure. The length of the hypotenuse is /2 times the length of either leg, so

lzxﬁ
oL _ 42

J2 2

The tangent is equal to the opposite divided by the adjacent. They’re the same value, so

2
tan45=—"4==1
/2
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Find the cosecant of angle A in the figure in the example question. %

The cosecant is equal to the hypotenuse divided by the opposite side. First, use the
Pythagorean theorem to find the length of the missing side.

60%+9°=¢?
3600+ 81 =c?
3681=c*
c=61
Then, using the definition of the cosecant, cscA = %
Find the cosecant of the triangle whose sine is % %

The cosecant is the reciprocal of the sine, so the cosecant must be %

Al Use the figure to determine the cosecant of angle B. 2.

The shorter leg of a 30-60-90 right triangle is half the length of the hypotenuse, so the shorter
leg measures %. Dividing the length of the hypotenuse by the length of the shorter leg (the one

opposite the 30-degree angle), csc30 = % =2.

2

B4 In a certain 30-60-90 right triangle, the length of the hypotenuse is 2 \/% What is the cosecant
2/75 _2/25/3 _2(5)/3 _2/3

15 15 =~ 15 = 3 °
First, you need find the length of the longer leg. The shorter leg is half the hypotenuse, or \/%
The longer leg is /3 times that length, or /3,/75 = /225 = 15. The cosecant of the 60-degree

2/75 _2./25/3 _2(5)/3 _2/3
15 )

5 -~ 15 3

of the acute angle opposite the longer leg? csc 60 =

angle is found by dividing the hypotenuse by 15: csc60 =

B} Find the secant of angle A in the triangle in the figure. %

The secant is the length of the hypotenuse divided by the length of the adjacent side, so

_10_5
secA= 6 -3

1 ¢

Find the secant of the acute angles in the triangle shown in the figure. sec45 =

IR

The measures of the sides of that isosceles right triangle can be represented by x.

<

xJ2=c
- _C
s

The secant is the hypotenuse divided by the adjacent side (although, here, the two sides, or
legs, are the same). This 45-degree angle has sec45 = £ - % . @ = /2.

/2
Find the cotangent of angle B in the triangle shown in the figure. %

The cotangent is the adjacent side divided by the opposite side, so cotB = % = 2—??

Compare the cotangents of the smaller of the two acute angles in right triangles with sides: 3, 4,
5; 6, 8, 10; and 15, 20, 25. Do they increase by the amount that the sides are multiplied? No.

The cotangents in each case are equal to % They don’t change with the lengths of the sides,
because the angles in similar triangles are equal.
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Find the cotangent of the angle A in the triangle shown in the figure. %

First, use the Pythagorean theorem to find the length of the missing side:
(4n) + b*= (5n)
16n°+ b2 25n*

*=9n’

b =3n
The cotangent is found by dividing the adjacent side by the opposite side: cotA = i—g = %

Find the cotangent of the acute angles in an isosceles right triangle. 1.

In an isosceles right triangle, the measures of the two legs are the same. So, for either of the
acute angles, the cotangent will be a fraction with numerator and denominator the same. The

cotangent is equal to 1.
1 /3 /3

Use Figure 6-2 to find the sine, cosine, and tangent of 30 degrees. 2 "9 and 3

_x _1
sin30 5% =9
x/3 _ /3
COS?)O—T—T
3
tan30 = —X~ =L £
xB3 /3 3
Use Figure 6-2 to find the sine, cosine, and tangent of 45 degrees. @, @, 1
. 142
45=-X_= - =¥=
sin X2 22
2
45_L=L=£
cos X2 32
tan45 = ﬁ 1

NS
g~
@

Use Figure 6-2 to find the sine, cosine, and tangent of 60 degrees.

$in60 = "[ [

l\Dl»—l

cos60 = 2x

tan60 = 4 =/3
Use Figure 6-2 to find the cosecant, secant, and cotangent of 30 degrees. 2, #, ,/§ .

cscSOzg:Z

sec30=

2/3
3

= R

\a a\ﬁf

%%I

cot30=

Jim and Jane are walking east toward the main road. Jane decides to cut diagonally to the north
at an angle of 30 degrees north of east. Jim continues on for the last 20 feet to the road. How far
apart are they when they both reach the road? (See the figure for an illustration.) = 11.5 feet.

Let x represent the distance between Jim and Jane. This distance is opposite a 30-degree angle.
The measure of 20 feet is the adjacent side of the 30-degree angle, so the tangent function
should be used. Set up a proportion using the tangent of 30 degrees and the opposite side
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divided by the adjacent side:
./§ _ opposite _

_ Vo _DPPOS R X
tan30 = 3 " adjacent 20
SB_x
3 720
20/3 _
3 =X

This is about 11.5 feet.

When Attila leans his ladder against the castle wall, the base of the ladder is 9 feet from the
wall, and the angle formed is 60 degrees. How long is the ladder? (See the figure for an illustra-
tion.) 18 feet.

Let x represent the length of the ladder. Use the cosine of 60 degrees to solve this:

_1_ adjacent _9
cos60 = 2~ hypotenuse X
1_9
77X
x=18

The ladder is 18 feet long.
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Chapter 7

Discussing Properties of
the Trig Functions

In This Chapter

Defining functions and inverses
Describing domains and ranges of trig functions

Determining exact values for functions

Fle trig functions act like other mathematical functions, because they follow the rule
that there can be only one output for every input value. What makes the trig functions
unique is that the input values are all angle measures and, also, that the trig functions are
periodic — the function values repeat over and over and over in a predictable pattern. The
trig functions can be used to model natural occurrences that repeat over and over such as
weather, planet revolutions, and seasonal sales.

Defining a Function and Its Inverse

A function is a relationship between input and output values in which there’s exactly one
output for every input in the function’s domain. The domain consists of all the possible input
values. Some functions have inverses. An inverse reverses the result of the function opera-
tion and tells you what you started with or what was input to get that. Not all functions have
inverses. The trig functions technically have inverses only for small parts of their domains.
The inverse trig functions are thoroughly covered in Chapter 12.

The function f (x) = X 52_ 3 has an inverse: A. Showing how énvegrzses?)worzk9 I'll input 2 for
f~'(x) =%2x+ 3. Demonstrate that these x f(2)= =5 =14.5. Now,
two functions are inverses by inputting 2 putting that result 1nto the inverse function,
into the first function and the result of that F(145) = /2 (145)+3=%29+3=%32=2.

input into the second function. I'm right back where I started. This exam-

ple is for just one number and doesn’t
prove the inverse for all input numbers.



94 Part II: Trigonometric Functions

Prove that the functions in the first exam-
ple are inverses of one another for all
values in the domain. (Hint: Input the
entire inverse function into the original
function, and show that the result is always
x, the original input.)

A. Letting the second function be the input
into the first, £ ()= (¥/2x+3)=
(¥20+3) -3 9133 ¢

5 = =

5 7=x.And

then, to finish the problem properly, you
should also input the entire original func-
tion into the input function, too.

=153

1.  Show that the function f (®) =2x + 1 has an

inverse that’s f™'(x) = %1

2.

Show that the function f(x)=3/x-3+2
has an inverse that’s f'(x) = (x—2) + 3.
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Deciding on the Domains

The domain of a function consists of all the input values that the function has. The
domains of the sine and cosine functions aren’t restricted — they can be anything. But
the domains of the other functions have omissions or values that are skipped. Here’s a
rundown on the functions and their domains:

v~ Sine: All angles; all real numbers.
v Cosine: All angles; all real numbers.

1~ Tangent: All angles except 90 degrees 270 degrees, and odd multiples of those

angles; all real numbers except & or odd multiples of those values.

2 2 ’
1 Cotangent: All angles except 0 degrees, 180 degrees, and multiples of 180; all real
numbers except multiples of 7.

1 Secant: All angles except 90 degrees, 270 degrees, and odd multiples of those

n 3n

22"

1 Cosecant: All angles except 0 degrees, 180 degrees, and multiples of 180; all real
numbers except multiples of w.

angles; all real numbers except + or odd multiples of those values.

W\PLE

Qv 0 Which of the trig functions have all angles A. The sine, cosine, cosecant, and cotangent
between 0 and 180 degrees in their have the angles between 0 and 180 in their
domains? domains. The sine and cosine also include

0 and 180. The cosecant and cotangent
don’t include those two values. The tan-
gent and secant were excluded from this
answer, because neither includes the
90-degree angle in its domain.

3. Which functions have all the angles between 4. Which functions have all the angles between
0 and 90 degrees in their domains? 90 and 270 degrees in their domains?
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5. Which functions have an angle measuring 6. Which functions have an angle measuring
90 degrees in their domains? 180 degrees in their domains?
7. Which functions have 3nin their domains? 8. Which functions have 0 in their domains?

2
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Reaching Out for the Ranges

The range of a function consists of all the values that are a result of performing the
function on the input. It’s all the output values. The following are the ranges of the
trigonometric functions:

v Sine: All real numbers between -1 and 1, including those two values

v Cosine: All real numbers between -1 and 1, including those two values

v Tangent: All real numbers

1 Cotangent: All real numbers

v Secant: All real numbers 1 and greater, and all real numbers —1 and smaller

v Cosecant: All real numbers 1 and greater, and all real numbers —1 and smaller
As you can see, the sine and cosine are caught between -1 and 1, the secant and cose-

cant don’t have any range values between -1 and 1, and the tangent and cotangent are
all over the place.

Which of the functions have a range that A. This can be only the tangent and cotan-
includes all the positive numbers? gent. The others have ranges that include
some positive numbers, but not all of them.

9. Which functions have a range that includes 10. Which functions have a range that includes
numbers greater than 1? numbers between -1 and 0?
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Closing In on Exact Values

An exact value is a number that isn’t rounded off or truncated. It’s exactly the correct
value. For instance, the fraction % is exact, and its decimal equivalent, 0.625 is exact.
The fraction % is exact, but it has a repeating decimal, 0.1666 . . . that keeps going on

forever. You can round this decimal off to 0.1667 or some other such value, but that isn’t
exact; it’s an approximation — even though the rounded version is more convenient.

The exact values for trig functions are the ones that are written as integers or rational
numbers or radicals. These values are often preferred for very exacting computations.
When someone is building a bridge, you’d prefer she be exact. The exact values of the
most commonly used angles in trig functions are those for the angles found in the spe-
cial right triangles.

Two more angles are going to be added here, 0 degrees and 90 degrees. An angle of

0 degrees has an opposite side that measures 0. The adjacent side and hypotenuse

are the same. Just for convenience, let the adjacent side and hypotenuse have
opposite _ 0 _ adjacent  _ x _ 1 and

hypotenuse X hypotenuse X

0. The 90-degree angle is a little harder to explain, because you

measures of x. Then sin0 = 0, cos0=
opposite _ ( _
adjacent ~ X ~
can’t have two 90-degree angles in one triangle, but if you let the opposite side and the
hypotenuse be the same measure and let the adjacent side be 0, you'll get the function
values for 90 degrees: sin90 = _opposite _ x _ 1, cos90 = _adjacent =0 0, and
) hypotenuse X hypotenuse X
opposite _

L2 = _ X Thjs last one has no value — but that’s consistent with the
adjacent 0

domain of the tangent function, which doesn’t include 90 degrees.

tan0 =

tan90 =

What is the exact value of the sine of Q What is the exact value of the tangent of
30 degrees? 45 degrees?
A. The exact value is % A. The exact value s 1.

’ ’ Fill in the exact values for the cosine function in Table 7-1.

Table 7-1 Exact Values for Cosine
Degrees 0 30 45 60 90

Cosine




Chapter 7: Discussing Properties of the Trig Functions

12. Fill in the exact values for the tangent function in Table 7-2.

Table 7-2 Exact Values for Tangent
Degrees 0 30 45 60 90
Tangent

’3 Fill in the exact values for the sine function in Table 7-3.

Table 7-3 Exact Values for Sine
Degrees 0 30 45 60 90
Sine

Determining Exact Values for All Functions

As handy as the special right triangles are for finding exact values, you sometimes
need a quick trick for finding those values and using them in a problem. I start by

creating a table with the sine and cosine of angles measuring 0, 30, 45, 60, and
90 degrees (see Table 7-5).

Table 7-5 Sine and Cosine Function Values
Degrees 0 30 45 60 90
. 1 J2 B
Slne 0 E T T 1
: /32 1
Cosine 1 5 5 3 0

99
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The value for the tangent of each angle is found by dividing the sine by the cosine.
The cotangent of each angle is the reciprocal of the tangent. The secant is the
reciprocal of the cosine. And the cosecant is the reciprocal of the sine. These are
all derived from the definitions of the different functions in the right triangle —
with a little hand-waving for the angles measuring 0 and 90.

How can you determine the exact value of Q How can you determine the exact value of

the secant of 60 degrees using a value in the cotangent of 0 degrees using a value in

Table 7-5? Table 7-5?

A. The secant is the reciprocal of the cosine. A. The cotangent is the reciprocal of the

Just flip the 1/2, and you get that the tangent. The tangent of 0 degrees is 0,

secant of 60 degrees is ¥ which is, of and that number doesn’t have a reciprocal

course, 2. (you can’t divide by 0). So the cotangent
doesn’t have any value, let alone an exact
one, for 0 degrees.

’ﬁ Fill in the exact values for the tangent function in Table 7-6, using sine divided by cosine.

Table 7-6 Exact Values for Tangent
Degrees 0 30 45 60 90
Tangent

75 Fill in the exact values for the cotangent function in Table 7-7, using the reciprocal of the tangent.
(Note: For 90 degrees, use cosine over sine.)

Table 7-7 Exact Values for Cotangent
Degrees 0 30 45 60 90

Cotangent
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’6 Fill in the exact values for the secant function in Table 7-8, using the reciprocal of the cosine.

Table 7-8 Exact Values for Secant
Degrees 0 30 45 60 90
Secant

17. Fill in the exact values for the cosecant function in Table 7-9, using the reciprocal of the sine.

Table 7-9 Exact Values for Cosecant
Degrees 0 30 45 60 90

Cosecant

101
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Answers to Problems in Properties
of Trig Functions

[

The following are solutions to the practice problems presented earlier in this
chapter.

Show that the function f (x) = 2x + 1 has an inverse that’s f'(x) = %l

First insert the inverse function into the original function as an input value:

F(XgE)=2(251)+1=2
needed.

+1=x-1+1=x.Theresult is x, which is what is

x—1
Z

Now insert the original function into the inverse function as input to see if you get x this time,
too: f(2x+1)= 241-1_2x_,
2 2
. B ) -1 3
Show that the function f (x) =% x—3 + 2 has an inverse that’s f '(x)=(x—-2) + 3.

First insert the inverse function into the original function as an input value:

f((x— 2)' + 3) =3/(x- 2y +3-3+2= 3 (x— 2) +2=x-2+2=x. Then insert the original
function into the inverse functiogn as input: \
F(¥/x=3+2)=(¥x-3+2-2) +3=(¥x-3) +3=x-3+3=x. They both have a result

il

which is what is needed.
Which functions have all the angles between 0 and 90 degrees in their domains? Sine,
cosine, tangent, cotangent, secant, and cosecant.

All six trig functions have the angles between 0 and 90 degrees in their domains. The tan-
gent and secant have domains that don’t include 90 degrees. The cotangent and cosecant
have domains that don’t include 0 degrees.

Which functions have all the angles between 90 and 270 degrees in their domains? Sine,
cosine, tangent, and secant.

The sine, cosine, tangent, and secant have all the angles between 90 and 270 in their
domains. The tangent and secant have domains that don’t include those two endpoints,
90 and 270, though.

Which functions have an angle measuring 90 degrees in their domains? Sine, cosine, cotan-
gent, and cosecant.

Which functions have an angle measuring 180 degrees in their domains? Sine, cosine, tan-
gent, and secant.

Which functions have 377‘: in their domains? Sine, cosine, cotangent, and cosecant.
Which functions have 0 in their domains? Sine, cosine, tangent, and secant.

Which functions have a range that includes numbers greater than 1? Tangent, cotangent,
secant, and cosecant.

Which functions have a range that includes numbers between -1 and 0? Sine, cosine, tan-
gent, and cotangent.
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Fill in the exact values for the cosine function in Table 7-1. 1; @; @; %; 0.
Fill in the exact values for the tangent function in Table 7-2. 0; @; 1; /§; undefined (no value).
Fill in the exact values for the sine function in Table 7-3. 0; %; @; @; 1.

Fill in the exact values for the tangent function in Table 7-6, using sine divided by cosine.

0 _j.
1%

1
2 1.2 _1_43,
323 303
2
/2
2,
@ 9
2
/3
2 _J/3 2_
DR A
2

o undefined (no value)

Fill in the exact values for the cotangent function in Table 7-7, using the reciprocal of the tan-
gent. (Note: For 90 degrees, use cosine over sine.)

% undefined (no value);
1 3
—_— = — = 3'
B
3
1 _J3
/337
1-0
Fill in the exact values for the secant function in Table 7-8, using the reciprocal of the cosine.
1.2 283
/3 /3 37
2
1 2
—_—E— = 2;
EA
2
2
1

0 undefined (no value)

103
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Fill in the exact values for the cosecant function in Table 7-9, using the reciprocal of the sine.

% undefined (no value);

1_,.

1°%

2

1 2
—_—E— = 2;
EA
2

1_2 _2/3
/3 /3 37
2

1_

1 1




Chapter 8

Going Full Circle with
the Circular Functions

In This Chapter

Investigating the unit circle
Using reference angles and quadrant signs
Finding trig functions for all angles

Describing the trig functions using a right triangle makes sense and fosters good under-
standing of what the trig functions are and do. But there’s a much bigger picture to
consider when dealing with angles and the trig functions.

Instead of creating function values for every angle there is — positive or negative, one or
more full rotations — a better system exists. All angles can be related to other angles that are
within one full rotation. They’re related by their shared terminal side. You just have to focus
on the angles within one rotation — those between 0 and 360 degrees.

Finding Points on the Unit Circle

The unit circle is a circle that has a radius of 1 unit. It’'s most often found with its center at the
origin. The equation of this unit circle is x*+ y*= 1. Coordinates of the points on this circle

—%, @J is on the unit cir(jzle. Here’s what it
‘ /5] 1.3

looks like to substitute the coordinates into the equation: <—§> +|5|=5+5=1

satisfy the equation. For instance, the point

2 4 4

The sine and cosine of angles measuring 30, 45, and 60 degrees show up as coordinates
of points on the unit circle. For example, the following points lie on the unit circle:

1 B (B[22 L2 2

22 20220 2>27) 2’ 2
coordinates is equal to 1.

. In every case, the sum of the squares of the

What about all the other points on the unit circle? There are an infinite number of them. You
can choose any number between 0 and 1 — the coordinates can’t have values greater than 1.



’ 06 Part II: Trigonometric Functions

Let x= % and solve for the other coordi-

nate of the point on the unit circle.

y =% or y = *%. Substituting that into the
equation for the unit circle, and solving for y,

9V,
(47) +y=1
81 . ..
681 Ty =1
._1_ 81 _1600
1681~ 1681
- 440
Y=E4

There are two possible solutions, because
one point in the first quadrant and the
other in the fourth quadrant have that
inate: (2 40\ (9 _40
same x coordinate: <4l’ a1 >,<41, a1 )

Q. Let y = 1 and solve for the other coordinate
of the point on the unit circle.

A. x-0.The point (0,1) lies on the y-axis.

Fill in the missing coordinates on the unit
circle, represented by the letters.

2.  Fill in the coordinates of the points on the
unit circle that lie on the axes. They're rep-
resented by the letters A, B, C, and D.




Chapter 8: Going Full Circle with the Circular Functions ’ 0 7

3. Find the y coordinate of the point on the 4. Find the x coordinate of the point on the
unit circle if x = %, and the point lies in unit circle if y = 215, and the point lies in
Quadrant I. Quadrant II.

5. Find the y coordinate of the point on the 6 Find the x coordinate of the point on the
unit circle if x = —%, and the point lies in unit circle if y= —%, and the point lies in

Quadrant III. Quadrant IV.
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7. Find the y coordinate of the point on the 8. Find the x coordinate of the point on the
unit circle if x = %, and the point lies in unit circle if y = —%, and the point lies in
Quadrant I. Quadrant III.

Determining Reference Angles

The values of the trigonometric functions can be related to the ratios of the sides of
aright triangle. Imagine a right triangle sitting in Quadrant II, with a negative value
assigned to the adjacent side. Or try Quadrant III, assigning negative values to both the
opposite and adjacent sides. This concept is used to assign values to the trig functions
that are greater than 90 degrees. You just have to figure out which triangle in which
quadrant is to be used. Hence, reference angles: The reference angle for a particular
angle helps determine the values of the trig functions. Table 8-1 shows you how to
determine reference angles.

Table 8-1 Determining the Values of Reference Angles

Angle Measure Reference Angle Angle Measure Reference Angle
0<x<90 X 0<x< % X

90<x<180 180 — x %<x<n T—X

180 < x< 270 x—180 n<x<37n X—T

270 < x < 360 360 — x 3 x<om - x

2
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Q. Find the reference angle for 300 degrees. Q. Find the reference angle for %‘
A. The measure of 300 degrees lies between A. This angle lies between % and 7. Subtract
270 and 360. Subtract 360 — 300 = 60 degrees. 5t _6n 5% _ T
“6°6 66

9. Find the reference angle for 120 degrees. 10. Find the reference angle for 315 degrees.
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’ ’ Find the reference angle for 210 degrees. 72. Find the reference angle for %‘
5 lix

’3. Find the reference angle for fn 74 Find the reference angle for 3
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Assigning the Signs of Functions by Quadrant

The position of the terminal side of an angle in standard position determines the signs
of the different trig functions for the angle. Think of a terminal side as being the
hypotenuse of a right triangle. A right triangle in Quadrant Il would be assigned a
negative opposite side and a negative adjacent side. The way that the different ratios
are put together creates either positive or negative results. Instead of trying to piece
together the quadrant and the ratio and the division result, you can use a quick, easy
method to remember the signs of the trig functions based on the terminal side of the
angle. Look at Figure 8-1.

E— I I

Figure 8-1:

Assigning 11 I\%

signs to

sines (and T C

others).

The A, S, T, and C stand for:

v A: All angles

v S: Sine (and its reciprocal, cosecant)

v T: Tangent (and its reciprocal, cotangent)

v C: Cosine (and its reciprocal, secant)
The letters indicate which of the functions is positive in the particular quadrant. In
Quadrant III, for example, only the tangent and cotangent are positive — all the other

functions are negative. I was taught that the letters stand for: All Students Take
Calculus. You can make up your own saying, if you prefer.

Which functions are positive for an angle Q. Which functions are positive for an angle
measuring 280 degrees? measuring %Tﬂ?

Ar} angle measuring 280 degrees has a ter- A. This angle has a terminal side lying in
minal side lying in Quadrant IV. That means Quadrant II. The sine and cosecant are the
that the cosine and secant are positive, and only positive functions for this angle.

all the rest are negative.
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15. Which functions are positive for an angle 16. Which functions are positive for an angle
measuring 105 degrees? measuring 330 degrees?
17. Which functions are positive for an angle 18. Which functions are positive for an angle

measuring 4?“? measuring %?
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’9 Which functions are positive for an angle 20. Which functions are positive for an angle
measuring %‘? measuring 927 degrees?

Figuring Out Trig Functions around the Clock

Using reference angles and signs of angles in the different quadrants, you can deter-
mine the values of trig functions of many angles. The best angles to start with are
those that are multiples of 30, 45, and 60 degrees.

To find the value of the trig function:
1. Determine the quadrant in which the terminal side of the angle lies, and find
the sign of the function in that quadrant.

2. Determine the reference angle.

3. Use the chart on the Cheat Sheet (if you don’t have them memorized) that has the
exact values of many angles between 0 and 90 degrees to find the function value.

4. Apply the sign of the function to the numerical value.

Find the value of cos 135 degrees. Q. Find the value of csc 16T

3

This angle is equal to two full revolutions

P~

The terminal side is in Quadrant II; the

cosine is negative in Quadrant II. Find the lus 4n I got this by subtractin

reference angle by subtracting 180 — 135 = pus 3718 15 by s ns;
16m _16x _12rn _ 4rn

/2 o —4n =5~ - -5~ =—5-. The terminal
45 degrees. The cosine of 45 degrees is “5-. 3 3 3 3 .
2 side is in Quadrant III; the cosecant is nega-
Using the negative, the answer is _72. tive in Quadrant IIl. The reference angle is
4n 2./3

an _ - _ T I
3 ~T= . The cosecant of 3is =3

3
2,/3

Using the negative, the answer is -3
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21. Find sin 315. 22. Find cos 240.
23. Find tan %r 24 Find csc %E
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Answers to Problems in Going Full Circle

The following are solutions to the practice problems presented earlier in this chapter.
BN Fill in the missing coordinates on the unit circle, represented by the letters. A: [[ []

e B R e 8

2’ 2
2’ 2 2°2 2’ 2 27 27

Fill in the coordinates of the points on the unit circle that lie on the axes. They’re represented
by the letters A, B, C, and D. A: (1, 0); B: (0, 1); C: (-1, 0); D: (0, -1).

12

Find the y coordinate of the point on the unit circle if x = 13’ and the point lies in Quadrant L.
4
13’13 )°
Substitute this value into the equation for the unit circle, and then solve for y:
12
(13> +y’=1
144
Teo ty'=1
e _ 144 _ 25
Y =1-169 = 169
y=+3
There are two answers, but the point is in Quadrant I, so use the positive answer. The point is
12 5
( 13’13 )
Find the x coordinate of the point on the unit circle if y = 25, and the point lies in Quadrant II.
_24 7
( 25°25)°
Substitute this value into the equation for the unit circle, and then solve for x:
7 2
xi+ ( 25) 1
49 _
x*+ 625 = 1
~1_49 _576
X'=1- 655 = 625
24
x== 55
There are two answers, but the point is in Quadrant II, so use the negative answer. The point is
_24 T
(-5 %)
Find the y coordinate of the point on the unit circle if x = 5, and the point lies in Quadrant III.
_3 _4
(-3-5)
Substitute this value into the equation for the unit circle, and then solve for y:
2
(4o
9
ﬁ + y2 =1
1.9 _16
y=l-95=25
Y= 5

There are two answers, but the point is in Quadrant IIl, so use the negative answer. The point is
3 _4
(-3-5)
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Find the x coordinate of the point on the unit circle if y = 187, and the point lies in Quadrant IV.

15 _8
177 17)°
Substitute this value into the equation for the unit circle, and then solve for x:
8 2
x*+ ( 17) 1
64 _
xi+ 2_89 =1
:_q_ 64 _ 225
x=1- 9895~ 989
15
x== 17
There are two answers, but the point is in Quadrant IV, so use the positive answer. The point is
15 _8
(ﬁ’ _ﬁ>'

Find the y coordinate of the point on the unit circle if x = %, and the point lies in Quadrant I.

v

3 9
Substitute this value into the equation for the unit circle, and then solve for y:
2
RS
1_8
y2: 1-== g

I+

°"|*o}\ ©
DN
w‘b

y==
There are two answers, but the point is in Quadrant I, so use the positive answer. The point is
12 f
37
Find the x coordinate of the point on the unit circle if y = —%, and the point lies in Quadrant III.

403

= |-
Substitute this value into the equation for the unit circle, and then solve for x:
x*+ (—%)Z 1
X+ % =1
/E 3,5

Find the reference angle for 120 degrees. 60 degrees.
180 - 120 = 60 degrees.

Find the reference angle for 315 degrees. 45 degrees.
360 — 315 = 45 degrees.
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Find the reference angle for 210 degrees. 30 degrees.
210 - 180 = 30 degrees.

Find the reference angle for =~ 5n %
4 4
Find the reference angle for <= 5n %
_5m_m
6 6
Find the reference angle for 1:1))1t g
1in lin _6r _5n _5m_
First, subtract two full rotations: 3 -2n= =3 ~3 =73 Then 2n 3 3 .

Which functions are positive for an angle measuring 105 degrees? Sine and cosecant.
Which functions are positive for an angle measuring 330 degrees? Cosine and secant.
Which functions are positive for an angle measuring 4?“? Tangent and cotangent.

Which functions are positive for an angle measuring %? Cosine and secant.

Which functions are positive for an angle measuring %t? Sine, cosine, tangent, cotangent,

secant, cosecant.

All the functions are positive for the angle — its terminal side is in Quadrant 1.

Which functions are positive for an angle measuring 927 degrees? Tangent and cotangent.

The terminal side of this angle is in Quadrant III, so the tangent and cotangent are positive.
Find sin 315. sin315 = —@.

First select the quadrant for the terminal side. The terminal side is in Quadrant IV, and the sine
is negative in that quadrant. The reference angle is 360 — 315 = 45 degrees. The sine of 45

/2 /2

degrees is 5180 sin315= 5

Find cos 240. —%.

First select the quadrant for the terminal side. The terminal side is in Quadrant III, and the
cosine is negative in that quadrant. The reference angle is 240 — 180 = 60. The cosine of 60

degrees is ;, so c0s240 = —%.
T tan 78 - 43
Find tan -+ 5 tan 6 - 3"
First find the quadrant for the terminal side. The terminal side is in Quadrant III, and the [
tangent is positive in that quadrant. The reference angle is %E -n= 76? The tangent of is 3,
n_ 43
$0 tan-g* = o=
Find csc % 2.
The terminal side is in Quadrant II. The cosecant is positive in that quadrant. The reference

5n

angle is w— 6 The cosecant of g is 2, so csc & 5“ =2.
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and Equations

The 5th Wave By Rich Tennant
O RTENNNT

- £ e e )
\\ o AN N .;:"'3 ﬁk %ﬁ \\\\ %
: ¢

“W - '&
o e,
—_— 3
v T 3
RN
== - = _
X B
W /
r
24

/

“This is my old trigonometry teacher, My, Wendt,
his wife Doris, and their two children, Obtuse
and Acute.”



In this part . . .

Icould’ve called this part AWOL: Acting With Obvious
Levelheadedness. The trig identities offer so many
opportunities for you. I show you how to change the
identities and then apply them to simplify expressions
and solve equations. I show you the different options and
help you make good decisions. Making the correct choices
and using the identities wisely are so important in trig.




Chapter 9
|dentifying the Basic Identities

In This Chapter
Reciprocating with the reciprocal identities
Looking at ratios

Working with Pythagorean identities

One thing that makes trig statements and equations so interesting is their flexibility and
how many ways you can write them. If you don’t like what you see, just replace it with

something equivalent. There are several classifications of trigonometric identities — three
of which are covered in this chapter.

Using the Reciprocal ldentities

The reciprocal identities deal with the ways that the six basic trig functions can be paired

up — three pairs of functions with their reciprocals (multiplicative inverses). The reciprocal
identities are:

R | _
smx—m, CSCX = Sinx

__1 __1
COSX = ggcx SECX = Gosx

cotx = 1

_ 1
tanx = cotx’ tanx

You replace one function with another using identities in order to solve an equation or prepare

to do some other mathematical process. This section provides practice doing the substitutions
using identities.

Use reciprocal identities to rewrite this in A. Sinx This creates a
terms of just one trig function: 2csslcn;c . complex fraction that can be simplified by
multiplying the numerator by the recipro-
cal of the denominator (that’s reciprocal
or flip — not reciprocal function):
2sinx _ 2sinx  sinx _ggo2

1 1 1
sinx

Replace csc x with

A\

Notice the exponent of 2 between sin and x. That’s aztrig shorthand way of saying that the
entire function sin x is being squared. sin® x = (sinx) . It saves on a lot of parentheses.
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l. Usea reciprocal identity to rewrite the 2. Usea reciprocal identity to rewrite the
expression in terms of one function: expression in terms of one function:
. 3 1
2sinx + cgex- cosx + seé:x.
3. Use a reciprocal identity to rewrite the 4. Use a reciprocal identity to rewrite the

expression in terms of one function:

sin’ x
expression in terms of one function: —=
1

c’x’
3tanx —

3cotx”
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Creating the Ratio Identities

The ratio identities are the two identities in which the tangent and cotangent functions
are defined in terms of sine and cosine. The two ratios, tangent and cotangent, are
reciprocals of one another — just another confirmation of the relationship between
the tangent and cotangent. The ratio identities are:

_ sinx
tanx = Gosx
COSX
X=—
cot sinx

The ratio identities are helpful when solving identity problems where the technique
being used is to change every function to sine and cosine.

Simplify the statement using ratio identi-
2
cotx

ties: tanx (3cosx) + (cosx).
First, replace tan x and cot x with
their ratio identities:

S8 (3c0sx) + b (cosx). Simplify by

sinx

multiplying the fractions in the two terms —
rewriting the complex fraction on the right
as a product with the reciprocal of the

denominator:
sinx .3QOS§+2_ sinx _M:
cosx 1 1 cosx 1

3sinx + 2sinx = 5sinx.

Simplify the statement using ratio identi-
ties: 2tanx (3cosx).

Simplify the statement using ratio identities:
4 cotx +

sinx’
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7. Simplify the statement using ratio 8. Simplify the statement using any identities:
. N 3 1 2
identities: 5cotx <m> cotx < Tcosx T cotx tanx).

Playing Around with Pythagorean Identities

There are three Pythagorean identities. The first of these identities, the one involving
sine and cosine, is frequently used in all sorts of work dealing with trigonometric
statements. In the following listing of the identities, I've also included some altered
or secondary versions of each of the identities. The Pythagorean identities are:
sin’x+ cos’x=1
sin®x=1-cos’x
cos’x=1-sin’x
tan’x+ 1 =sec’x

tan’x=sec’x—1

1+cot’x=csc’x
cot?’x=csc’x-1

Use a Pythagorean identity to simplify the Pythagorean identity: cosx (sec’x).
statement: cosx (tan’x) + cosx. Recognizing that cosine and secant are
reciprocals, rewrite the cosine factor using

A. First, factor the cos x out of each term: a reciproca;]identity and simplify:
cosx (tan’x + 1). Next, replace the 1 sec” X _gacy
2 . . 1 .
tan® x + 1 using the appropriate seeXx



9. Simplify the expression using a ,
Pythagorean identity: (sinx + cosx) — 1.
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10. Simplify the expression using a

2
Pythagorean identity: sinx <sinx — £os x)

sinx

11. Simplify the expression using a Pythagorean
identity: sin’ x — cos” x. (Hint: Factor as the
difference between squares.)

12. Simplify the expression using a Pythagorean
identity: sin®x (cot®x + csc’x).
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’3 Simplify the expression using a Pythagorean ’4. Simplify the expression using a Pythagorean
. oo, sinfx—1 ; .. sec’x —tan’x
identity: o x identity: STnx

15. Simplify the expression using a Pythagorean 16. Simplify the expression using a Pythagorean

1 COSX

identity: 3cot’x (tan*x + 1). . I
y ( ) identity: csc’x T secx:
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Solving ldentities Using Reciprocals,
Ratios, and Pythagoras

To solve an identity means to show that, in fact, it is a true statement — that one side
of the equation is equal to the other side of the equation. Many techniques can be
used, but the common thread through all of them is using the proper substitutions.
You have to look at the statement and decide what would work best (that is, most
quickly and efficiently). You won’t always make the best choice — that comes with
practice — but, if you always use a correct substitution and do correct manipulations,
you won’t destroy the truth of the statement. You just may not make it any better. Here
are some examples using better choices.

Py 4 i e
Show that sin’x - cos'x=2sin’x— 1 is an sin"x — cos’x = 2sin"x — 1
identity. (sin®x + cos’ x)(sin’ x — cos’ x) =

1)(sin*x - cos’x) =
A. First, factor the two terms on the left as ( )( )

the difference of two squares. Then replace sin’x — cos’ x =
the first factor on the left with 1, using the sinx— (1-sin*x) =
Pythagorean identity. Then replace the

cos’ x using the Pythagorean identity; dis-
tribute and simplify. The two sides match:

sinx—1+sinx=
2sinx—1=2sin*x-1

17. show that sinx (cscx —sinx) = cos® x is an 18. Show that cot’x - csc?x = —1 is an identity.
identity.
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19. Show that (1+ tanx)z— sec’ x = 2tanx is an 20. Show that gg§§ - (;?rf))c( =tanx is an
identity. identity.

2 1. Show that tan®x — tan® xsin® x = sin’ x is an 22. Show that tan'x +2tan’x+ 1 =sec'x is an
identity. identity.
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. Cind
23. _Show that 6sec’x— 6tan’x =6 is an 24. show that 15# = cot’x is an identity.
identity. 1 -cos’x
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Answers to Problems on Basic ldentities

SMBER

[

The following are solutions to the practice problems presented earlier in this chapter.

Use a reciprocal identity to rewrite the expression in terms of one function: 2 sinx + % 5 sin x.

Replace the cosecant with its reciprocal. Then simplify the complex fraction by multiplying the

numerator by the reciprocal of the denominator. Finish by adding the two like terms together:
2sinx + % = 2sinx + % . si?x

sinx

= 2sinx + 3sinx
=5sinx

. . . . L o1 secx
Use a reciprocal identity to rewrite the expression in terms of one function: 555 + =5

% secC x.

Replace the cosine reciprocal with secant, and combine the terms:

1 secx _ 1
cosx T 5 = secx+ 5 5ecx
_3

=5 secx

Use a reciprocal identity to rewrite the expression in terms of one function: 3tanx —

8
3 tan x.

3cotx”

Rewrite the cotangent first with the fraction in front; then replace the cotangent reciprocal with
tangent. Combine the terms:

1
cotx

1 _ _1
3tanx — Jcotn - 3tanx 3

cotx

=3tanx — % tanx

-8
= 3 tanx
s 2
Use a reciprocal identity to rewrite the expression in terms of one function: s;r::—f; sin® x.
Rewrite the cosecant using its reciprocal. Then simplify the complex fraction:

sin®x _ sin’x

csc’x 1
sin® x
_sin’x sin’x
1 1
— ein’®
=sin’x

The shorthand notation for powers of trig functions is to put the power between the function
abbreviation and the variable. This works for all powers except -1, because that would indicate
an inverse function.

Simplify the statement using ratio identities: 2tanx (3 cosx). 6 sin x.

Rewrite the tangent function using sine divided by cosine, multiply, and simplify the product:

2tanx(3cosx):%-%-%. golﬁ
= 6sinx

4 4cosx+4
sinx® sinx
Rewrite the cotangent using cosine divided by sine. Then add the two fractions that have a
common denominator:

Simplify the statement using ratio identities: 4 cotx +
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4 4 cosx 4
dcotx+ gy = 1 sinx | sinx
_4cosx 4
sinx sinx
_4cosx+4

sinx
The numerator could be factored here, by factoring out a 4 from each term.

Simplify the statement using ratio identities: 5 cotx (%) 15 csc x.

Rewrite the cotangent using cosine divided by sine. Then simplify and multiply the fractions:

5cotx(co?;x>:59?(x[ 3 ]

1 sinx m
__15
~ sinx
=15cscx

1 + 2
3cosx cotx

Distribute the cotangent function over the three terms in the parentheses. Then use the ratio
identity for the first multiplication and a reciprocal identity for the last multiplication. Simplify
to finish:

Simplify the statement using any identities: cotx< - tanx). %Besex + 1.

1 _ _ 1 2
COtx<3cosx+C0tx tanx)—cotx<gcosx>+co P x) cotx (tanx)
_ cosx 2 cotxX( 1
~ sinx 3/06/ /gt/ 1 | cotx
-1 _
= 3sinx 1271
= %cscx+1

Simplify the expression using a Pythagorean identity: (sinx + cosx)2 — 1. 2 sin x cos x.

First square the binomial. Then pull out the two terms from the Pythagorean identity and
substitute:
(sinx + cosx) — 1 = sin’ x + 2sinxcosx + cos’x — 1

= (sin’x + cos’ x) + 2sinxcosx - 1

=1+2sinxcosx—1

= 2sinxcosx

sinx
Distribute the sine over the two terms. Then use the Pythagorean identity to finish the
simplification:

2
Simplify the expression using a Pythagorean identity: sinx (sinx + M)

2 2
. . cos’x . . .| cos’x
inx ( sinx + &3 = sinx (sinx) + sipx | =2
s (s Smx) sinx (sinx) §Lﬂ/[ W]
=sin’x + cos’x
=1

Simplify the expression using a Pythagorean identity: sin' x — cos® x. (Hint: Factor as the differ-
ence between squares.) (sin x — cos x)(sin x + cos x).

After factoring, the Pythagorean theorem is used to simplify one of the factors. The resulting
expression can also be factored, but there isn’t another substitution to be done:
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sin’ x — cos’ x = (sin® x — cos’ x )(sin’ x + cos’ x)
= (sin’ x - cos’x)(1)
= (sinx — cosx)(sinx + cosx)
Simplify the expression using a Pythagorean identity: sin’x (cot’ x + csc’ x). —sin® x.

First distribute the sine factor over the other two. Use ratio and reciprocal identities to com-
plete the multiplications:

sin’x (cot®x — csc’x) = sinx (cot’ x ) — sin®x (csc’x)
_ SIFX [ cos?x _ SiPX( ]
1| sig?x I | sigx

=cos’x-1

Use the Pythagorean identity where you solve for the cosine term and substitute in:
cos’x—1=(1-sin’x)-1
= —sin*x
- . . . o .osinx—1
Simplify the expression using a Pythagorean identity: o x -1.
Replace the sine term with its equivalent from the Pythagorean identity and simplify:
sinx—1_ (1—-cos’x)—1
cos’x cos’ x
_ —cos’x
cos’x
=-1
Simplify the expression using a Pythagorean identity:

sec’x —tan’ x
sinx
Replace the secant term with its equivalent from the Pythagorean identity:

. CSC X.

sec’x - tan’x _ (tan’x+1) - tan’x
sinx sinx
1
sinx
= csex

Simplify the expression using a Pythagorean identity: 3 cot® x (tanzx + 1). 3 csc? x.

It might be tempting to distribute the cotangent here, but a better move is to use the
Pythagorean identity to replace what’s in the parentheses and then use ratio and reciprocal
identities to complete the work:

3cot’x (tan’x+ 1) = 3cot’ x (sec’x)

1 COSX
+ . 1.
csclx | S€CxX

Use ratio identities, first, to simplify the terms. Then apply the Pythagorean identity to the
result:

Simplify the expression using a Pythagorean identity:

1, cosx__ 1  cosx
csc’x secx 1 1
sin’x ~ €OSX
=sin’x + cos’ x
=1
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Show that sinx (cscx — sinx) = cos’ x is an identity.

Distribute the sine term on the left. Then use a reciprocal identity to simplify the first term.
A substitution using a Pythagorean identity finishes the job:

sinx (cscx — sinx) = cos® x
sinx (cscx) — sinx (sinx) =

. 2
Smx(sinx) sinx =
1-sin*x=

cos’x=cos’x

BEA Show that cot’x — csc’x = —1 is an identity.

Replace the cosecant term on the left with its equivalent in the Pythagorean identity. Distribute
the negative and simplify:
cot?x—csc’x= -1
cot’x—(1+cot’x)=
cot’x—1-cot’x=
-1=-1

B2 Show that (1 +tanx) — sec’x = 2tanx is an identity.

First square the binomial on the left. Then replace the secant term with its equivalent in the
Pythagorean identity. Simplify what’s left — you have two opposites that add to zero:
(1 +tanx) - sec’ x = 2 tanx
1+ 2tanx + tanx’—sec’x =
1+2tanx +tan’x— (tan’x+1) =
1+ 2tanx+tan’x—tan’x—1=

2tanx = 2tanx
20 CSCX _ COSX _ : . :
Bl Show that G5sy — iy = tanx is an identity.
First find a common denominator and change each fraction so it has that common denominator:
CSCX _ COSX
COsXx sinx

cscx  sinx _ cosx  cosx _
COSX sinx sinx COSX ™

= tanx

cscxsinx _ _cos’x  _
cosxsinx cosxsinx

Simplify the numerator in the first fraction. Subtract the two fractions, writing the two terms in
the same numerator. Then replace the numerator using the appropriate form of the
Pythagorean identity and simplify:

1 cos’x

cosxsinx cosxsinx
1-cos’x _
cosxsinx
sinx  _
cosxsinx
sinx
COSX
tanx = tanx
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Show that tan® x — tan® xsin’ x = sin’ x is an identity.

First, factor out the tangent from the two terms on the left. Replace the expression in the

parentheses with its Pythagorean identity equivalent. Rewrite the tangent factor using the

ratio identity and simplify:

tan’ x — tan® xsin’ x = sin’ x

tan’x (1 - sin’x) =

tan’x (cos’x) =
sin’x cos”X
cog®x 1

sin’x = sin’x

Show that tan®x + 2tan’x + 1 = sec’ x is an identity.

Factor the expression on the left. It’s a perfect square trinomial. Replace the expression in the
parentheses with its Pythagorean identity equivalent, and square the result:

tan‘x +2tan’x+1=sec’'x
(tan*x+ 1) =
(seczx)2=

sec'x=sec'x
Show that 6sec’x — 6tan® x = 6 is an identity.

First, factor out the 6. Then replace the secant term with its Pythagorean identity equivalent.
Simplify the terms in the parentheses:

6sec’x—6tan’x=6
6 (sec’x—tan’x)=
6(tan’+1—-tan’x)=
6(1)=6

1-sin’x I . .
A Show that —=2LX = cot’x is an identity.
1-cos’x Y

Replace both the numerator and the denominator with their equivalents, using the
Pythagorean identity. Then apply the appropriate ratio identity:

1-sin’x
1-cos*x
cos’x _
sin®x
cot’x = cot’x

=cot’x

Another approach would be to replace just the denominator with its equivalent, rewrite the
fraction as two terms, apply the reciprocal and ratio identities, and then use a Pythagorean
éx&“‘BE” identity. This takes longer, but works, too.

A goal in solving identities is to be as quick and efficient as possible.
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Using Identities Defined
with Operations

In This Chapter

Adding and subtracting in identities
Multiplying two times or more in identities
Taking half an angle in identities

Solving identities with sums, differences, and multiple angles

Fe identities involving sums, differences, doubling, and other multiples all require you
to determine the exact value of angles that are results of these operations on the more
popularly used angles. These formulas are also valuable when changing the form of an
expression to make it more workable in a particular situation. The groupings of identities
have their similarities and differences.

Adding Up the Angles with Sum ldentities

The identities for the function of the sum of two different angles allow you to write,

for instance, an angle of 75 degrees as the sum of angles of 45 degrees and 30 degrees.
The examples and problems here deal with angles you already have exact values for, but
these identities can be applied to any angles whose functions are known or unknown.

The sum identities are:
sin(A+B)=sinAcosB + cosAsinB
cos(A+B)=cosAcosB-sinAsinB

_ tanA +tanB
tan(A+B)= 1 - tanAtanB
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PLE

Use the sum identity to show that sin Then, using the sum identity with the sum

90 degrees is equal to sin (30 + 60) and of 45 + 45,
sin (45 + 45). sin (45 + 45) = sin45cos45 + cos45sin45
A. From the charts and unit circle, sin 90 = 1. = [@][@] + @][@]

Using the sum identity with the sum of
30 + 60, _2,2
sin (30 + 60) = sin30 cos 60 + cos 30sin60 _ ;l 4

- (1)(4)+ BB

22 2 2

_1.3

"4ty

=1

1. Useasum identity to find sin 75 degrees. 2. Useasum identity to find tan 75 degrees.
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3. Use a sum identity to find cos % 4. Use a sum identity to find tan %E

5. Useasum identity to simplify sin (x + 90). 0. Useasum identity to simplify cos (x + 180).
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Subtracting Angles with Difference Identities

The difference identities work much like the sum identities. The actual identities will
look familiar; they’re pretty much the same as the sum identities, except that the signs

are changed.

The angle difference identities:

sin(A - B) = sinAcosB — cosAsinB

cos(A—-B)=cosAcosB +sinAsinB

tan(A-B)=

_ _tanA -tanB
1 +tanAtanB

Some additional identities that go along with these difference identities are the opposite
angle identities. I'll create two of them, here, by using the difference identity for sine

and letting angle A be 0 degrees.

Use the sine’s angle difference identity to
find sin (=x).

A. sin(—x) =sin(0 - x)
=sin0cosx + cos0sinx
=0-cosx—1-sinx

= —sinx

Use the cosine’s angle difference identity to
find cos (—x).

cos(—x)=cos(0—x)
= cos0cosx + sin0sinx
=1-cosx+0-sinx
=Cosx

The sine of a negative angle is the opposite
(negative) of the sine of the corresponding
positive angle. With the cosine, though, the
opposite angle and its corresponding posi-
tive angle have the same function value.
The tangent works the same as the sine —
it’s a negative value.

7. Usean angle difference identity to find sin
15 degrees.

Use an angle difference identity to find cos
15 degrees.
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9. Usean angle difference identity to find 10. Use an angle difference identity to find
tan % sec %

11. Simplify cos (90 - x). 12. Simplify sin (180 - x).
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Doubling Your Pleasure with
Double Angle Identities

The double angle identities allow you to find the function value of twice the angle —
if you know the function value of the original angle. They're also used to simplify
trigonometric expressions in physics and calculus to allow you to continue on to find
the solution to a problem.

The double angle identities are:
sin24 = 2sinA cosA

c0s2A = cos’ A -sin* A

2tanA
tan24 = ="~
1-tan’A

The double angle formula for the cosine is also written in two other forms that
are used even more frequently than this form. These forms can be created by sub-
stituting in for either the sine term or the cosine term in the Pythagorean identity
sinx+cos’x=1, sinx=1-cos’x, cos’x=1-sin’x.

Rewrite the double angle formula for _Q. Rewrite the double angle formula for
cosine by changing the functions to cosine by changing the functions to
all sines. all cosines.

A, cos24=cos’A—sin*A= A.  cos24=cos’A-sin*A=
1 -sin’x - sin’x=1-2sin’x cos’A—(1-cos’x)=2cos’x—1

’3. Use a double angle identity to find ’4 Use a double angle identity to find

sin 90 degrees. cos 540 degrees.




Chapter 10: Using Identities Defined with Operations ’4 1

15. Use a double angle identity to find 16. Use a double angle identity to find
cot 60 degrees. sec 90 degrees.
17. Demonstrate that tan2x = 321;—229;. 18. Use both a sum identity and double

angle identity to demonstrate that
sin(x + x) = sin2x.
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Multiplying the Many by Combining
Sums and Doubles

The multiples of angles in identities aren’t restricted to just twice an angle. You can
also multiply an angle by 3, 4, 5, or whatever you want to find function values of those
multiples of an angle. The sin 7x can be found by using sin (4x + 3x), and sin 4x can be
found using sin 2(2x), while sin 3x = sin (2x + x). Whew! I'm not going to work through
all the identities it would take to write one for sin 7x. I'd need sines and cosines of 4x
and 3x, but the examples here show you the techniques needed.

0.

Use the sum identity and double identity
for sine to find sin 3x.

sin3x = sin(2x + x)
=sin2xcosx + cos2xsinx
= (2sinxcosx) cosx + (1 - 2sin’x) sinx
= 2sinxcos’ x + sinx — 2sin® x
= 2sinx (1 - sin®x) + sinx - 2sin’x
= 2sinx — 2sin® x + sinx — 2sin® x
=3sinx —4sin®x

Notice how I've changed everything so
they’re in terms of sin x.

Use the identity for 3x from the previous
example to find sin 90, writing it as sin 3(30).

Keep in mind, here, that the x is the 30 for
this application.

sin90 = sin3 (30) = 3sin30 — 4 (sin30)°

3

(2)-1(2)

I
DO|— Oo|d

=Nl N W

This is what we know the sine of 90
degrees to be.

0.

=

S

Use the double angle identity to find sin 4x.

sindx = sin2 (2x) = 2 sin2x cos 2x
=2(2sinxcosx)(1 - 2sin*x)

=4sinxcosx — 8sin’ xcosx

This time, it wasn’t as convenient to get
the identity in terms of sine, only. I'll leave
it like this rather than go into radical
expressions.

Use the identity for sin 4x to find sin 180,
writing it as sin 4(45).

sin 180 = sin4 (45) = 4sin45 cos 45 - 8 (sin45)’ cos 45
3
2

(414414

SR
2]

=2-2

All that work for what you knew was going
to come out to be 0. This just illustrates
that you can use it for any angle —
especially one you don’t already know

the answer to.
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19. Use the sum identity sin (2x + x) and then 20. Use the sum identity cos (2x + x) and then
the double-angle formula to find sin 90. the double-angle formula to find cos 90.

21. Find an identity for tan 4x. 22. Find an identity for cos 3x.
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23 Find an identity for sin (2x + 180). 24. Find an identity for cos (2x — 90).

Halving Fun with Half-Angle ldentities

The half-angle identities can be used to find function values for angles of 15 degrees
(half of 30), 22.5 degrees (half of 45), and 7.5 degrees (half of 15 — which is half of 30).
The half-angle identities are also used a lot in calculus to change from an expression
that has a difficult solution to another form that’s more manageable. Having these
identities in your arsenal of possibilities is a good idea.

The half-angle identities are:

X 1-cosx

sins = + [———=
2 2
T 1+ cosx

COSH = * [—F—=
2 2

tanX = L—cosx _ _sinx
2 sinx 1+ cosx

The plus or minus part comes in to play when you determine which quadrant the ter-
minal side lies in — you get to assign the sign.
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Find tan 30 degrees using a half-angle for- Q. Find cos 7.5 degrees using a half-angle for-
mula (half of 60). mula twice.
A. It doesn’t matter which version you use, so A. cos7.5=cos+ 15 =+ /%. I've
I'll just choose the first, because there’s ) o
only one term in the denominator. chosen the + sign, because this angle is in
Quadrant L. I'll have to find cos 15 to put
tan30 = tan 80 60 into the formula.
_ 1—c0560 cosl5= c05320 =+ /M
sin60
1
19 1+ [2+ /’ _d 2 +,/3
/3
2
1
2 Now, to finish this off,
/3
2 2 + J2+ /3
-1.2 cos7.5= /2+ 2+ /3
"2 =
-1 2 +/2+ /3
/3 e
3
3
25. Usea half-angle formula to find 26. Usea half-angle formula to find

sin 15 degrees.

cos 22.5 degrees.
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27. Createa half-angle identity for cosecant.

28. Create an identity for sin %

Simplifying Expressions with ldentities

To simplify an expression in trigonometry means to make it simpler or more useable
for the particular application. You may want to change it so only one function is used
in the whole expression. You may want it factored so it can be set equal to zero or

reduced in a fraction. Whatever the case, the trig identities are available to make the

simplification possible.

Simplify the expression
sin® xtan’ x — sin® xsec’ x.

First, factor out the common sine factor

in the two terms. Then replace the secant
term with its equivalent in the Pythagorean
identity.

sin’ x (tan® x - sec’x) = sinzx(tanzx— [tan®x + 1])
=sin’x (-1)
= —sin*x

This is nice, because only the one function
is involved.

> ©

Simplify the expression sin2x — 2cosx.

There are two different angles involved, 2x
and x. Use the double angle identity on the
first term, and then factor out the common
factors.

2sinxcosx —2cosx = 2cosx (sinx— 1)

This is far enough. There aren’t any other
convenient identities to use. The expres-
sion is factored, though, and ready for the
next application.
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2 9 Simplify the expression 2 cos”6x — 1. 3 0. Simplify the expression
cos(30—x)—sin(60 - x).

3 1. Simplify the expression 3 2. Simplify the expression

2 2 2
. cos”2x +4sin’ xcos® x.
sm(% +x>—cos<§Tn +x).
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Solving ldentities

To solve an identity means to show that one side of the equation is equal to the other.
These statements are true for all values of the variable that can be used with the func-
tions involved. These are different from the equations in trigonometry where you have
to find the specific angle measures that make the statement true. This process of solv-
ing identities involves doing substitutions using the basic identities. It also means
using the rules of algebra and solving equations.

Solve the identity Q Solve the identity

42 2 _ o2 .
2sinx—cos’x+1=3sin’x. (;?r?))cc g(l)rg( P

A. I'm going to work on the left side, replacing A.
the cosine term with its equivalence using
a Pythagorean identity.

I'll add the two fractions together after
finding a common denominator and rewrit-
ing each fraction with that denominator.

2 2 _ e 2 i
2sin’x - cos’x+1=3sin*x CS?:;C + nggc = secxcscx
2sin*x—(1-sin*x)+1=

COSX  CcOosx , sinx _sinx _

2sin*x—1+sin*x+1= sinx COSX ' COSX sinx

2 e 2
3sin*x = 3sin*x €Os x Sl X
SiNXCcosx | SINXCOSX

After adding the fractions, you find that
the numerator is equal to 1, using the
Pythagorean identity. Then just use the
reciprocals to finish the job.

cos’+ sin’x
sinxcosx
1
sinxcosx
11
sinx COSX
CSCXSECX = SeCXCSCX




33 Solve the identity cos3x =4 cos’ x — 3cosx.
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34 Solve the identity % =tanx.

35 Solve the identity
cos% + sin%
—x . x- secx + tanx.
cos’y —sing

2
36. solve the identity cot2x = C(2)t—x_1.
cotx




’50 Part lll: Trigonometric Identities and Equations

37. Solve the identity 38. solve the identity
1 cos’ x —sin’ x

secx + tanx SINXCOSX cotx —tanx.

=secx — tanx.
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Answers to Problems on Using ldentities

The following are solutions to the practice problems presented earlier in this chapter.

J/6+./2
)

A Use a sum identity to find sin 75 degrees.
sin(45+ 30) = sin45co0s30 + cos45sin30

/2.3 201
2 2 "2 2
=££=~/_+/_
1 1

This is an exact answer.

Use a sum identity to find tan 75 degrees. 2+ /3.

_ tan45+ tan30
tan(45+30) = 1 -tan45tan30

1+‘/§
3
(5]

|
+
I

+

|
W W wlw
|

PO P W‘Z\a\

This is an exact answer, but it looks better if the denominator is rationalized:

3+/3 3+./3 _ 9+6/§+3 12+6/' 24 /3.
3-/3 3+/3  9-3

Use a sum identity to find cos ?Zt ﬁ;‘/é
T, ,T)_ n T _infeinl
cos<3+4> cos 3 cosy —sin sinyg
_1.4/2_ /3 /2
2 2 2 2
/2 /6
T4 4
2o
B 4
Use a sum identity to find tan -2-./3.
tan(ﬂ+%> tan3+tan4
3 — n n
1 tam?,tan4
__/3+1
1-/3-1
_1+4/3
1-/3

1+/3 1+/3 1+2/343 _4+2/3_ , &
1-/3 1+/3  1-3 -2 ‘

Rationalizing the denominator,
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Use a sum identity to simplify sin (x + 90). cos x.
sin(x +90) = sinxcos90 + cosxsin90
=sinx (0) + cosx (1)
=cosx
A Use a sum identity to simplify cos (x + 180). —cos x.
cos(x+ 180) = cosxcos 180 — sinxsin180
=cosx (—1) —sinx (0)

= —cosx
Use an angle difference identity to find sin 15 degrees. @
sin(45 - 30) = sin45cos 30 — cos45sin30
2 3 /21
2 2 2 2
/642
! 4
o
Il  Use an angle difference identity to find cos 15 degrees. M

cos (45— 30) = cos45cos30 + sin45sin30

_J2 /3, f

NI

~

A Use an angle difference identity to find tan % 2-/3.

T T

tan(£_£>: tang—tani

3 4 1+tan%tan%
e
1+/§
S
J3+1

_B3-1 /3-1

J3+1 /3-1

_3- 2f+1

_4- 2/’
=2_/_

B4 Use an angle difference identity to find sec % J6-/2.

The secant is the reciprocal of the cosine, so I'll find cos
of that answer.

12’

first, and then find the reciprocal
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cos(%—%)=cos%cos%+sin%sin%
_1.4/2,.48 /2
2 2 2 2
_J2 /8
4 4
_J2+/6
B 4
sec-% = 1__ 1 = 4
12 cosln2 /5+,/é /ﬁ+/§
4

Rationalizing,
4 f2-J6_AM/2-16)
5 B 2
4(/2-/6)

- (/2-/6)
52

BIB Simplify cos (90 - x). sin x.

c0s(90 —x) = cos90 cosx + sin90sinx
=(0)cosx+ (1) sinx
= sinx
Simplify sin (180 — x). sin x.
sin(180 - x) = sin180 cosx — cos 180sinx
=(0)cosx—(-1)sinx
= sinx
Use a double angle identity to find sin 90 degrees. 1.
sin90 = sin2(45) = 2sin45 cos45

214
(3

Use a double angle identity to find cos 540 degrees. -1.
A\\S Use one of the cosine identities that involves only one function. It makes the computation
easier.
c0s540 = cos2(270)
=2cos’(270) -1
=2(0y-1
<MBER =-1

The notation in trigonometry used to indicate the power of a function puts that power between
the function name and the angle. So cos’ x = (cosx) .
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/3

Use a double angle identity to find cot 60 degrees. 3

The cotangent is the reciprocal of the tangent, so I'll use the double angle tangent identity and
then find the reciprocal of the answer.

2tan30

tan60 = tan2(30) = T tan30

-3

cotb0=—-~=—F1=

Use a double angle identity to find sec 90 degrees. Undefined.
The secant is the reciprocal of the cosine, so find the cosine of 90 degrees, first, and then find
the reciprocal.

c0s90 = cos2(45) =2cos’45—- 1

2

:2[12]_1

2
—9(2)\_
_2<4> 1
=1-1
=0
__ 1 1
secd0= cos90 0

This has no value — you can’t divide by 0. The secant isn’t defined for 90 degrees.

sin2x

cos2x’

I'll use the double angle formulas for sine and cosine and write them as a ratio using the ratio
sin2x _ _2sinxcosx
cos2x ~ cos’x —sin’x
the double angle identity for the cosine wasn’t just random. I had in mind the next step — that
I'll divide every term in the fraction by the square of cosine. (This is the same as multiplying
both numerator and denominator by the reciprocal of the square.) Then I'll use the ratio iden-
tity to simplify the answer.

Demonstrate that tan2x =

identity for the tangent. tan2x = . The choice of the particular version of
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2sinxcosx
2sinxcosx _ cos’x
cos’x—sin’x cos’x _ sin’x
cos’x cos’x

2sinx cosx
COSX_COSX

cos’x _ sin’x
cos’x cos’x
_ _2tanx

1-tan’x

Use both a sum identity and double angle identity to demonstrate that sin(x+ x) = sin2x.

sinxcosx + cosxsinx = 2sinxcosx

Use the sum identity sin (2x + x) and then the double angle formula to find sin 90. 1.
sin90 = sin|2(30) + 30]
=sin2(30) cos30+ cos2(30) sin30
=(2sin30cos30) cos30 + (2 cos*30 - 1) sin30
2
C= +1(2 [é] — ]‘ . l

2 2

:/5/5+[u_1].1
4 1 2
_3.6-41

=3t 1 2
23,21
“37%°2

_3.,1

“317 7

-1

Yes, I know that this is the hard way to find 1, but it illustrates how multiple angle identi-
ties work.

Use the sum identity cos (2x + x) and then the double angle formula to find cos 90. 0.
cos90 = cos[2 (30) + 30]

=co0s2(30)cos30-sin2(30)sin30

=[2co0s’30 - 1] cos30 - [25sin30 cos30]sin30

8- 24
eg-jE-4
_ §_l]é_é
2 2 4
_1./3_ 43
2 4
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4tanx (1-tan’x)

4l Find an identity for tan 4x.
21 y 1-6tan’x + tan’x

Use tan 2(2x) and simplify it.

tan2(2x) = 1= tan? 9 %t;r;%xzx
2[ 2tanx
1-tan’x

1_[ 2tanx |

1-tan’x
4tanx
1-tan’x
] - _A4tan’x
2
(1-tan’x)

4tanx (1 _tanzx)f
1= X (l—tanzx)2—4tan2x
4tanx (1 - tan’x)
(1-2tan’x+tan'x)—4tan’x
_ 4tanx (1 -tan’x)
" 1-6tan’x+tan’x

Find an identity for cos 3x. cos x (1 — 4 sin®x).

I'll use the sum identity with cos (2x + x) and then make a careful choice when selecting the
double angle identity for the cosine.
cos(2x+x) = cos2xcosx — sin2xsinx
=(1-2sin’x) cosx — 2sinxcosxsinx
= cosx — 2sin’ xcosx — 2sin’ xcosx
=cosx — 4sin’ xcosx
= cosx (1-4sin’x)
It would have been much nicer to have this identity when doing problem 19. You can create

identities for all sorts of multiples of angles, but you usually don’t want to go to all the trouble
unless you’re going to have to use it many times.

Find an identity for sin (2x + 180). -2 sin x cos x.

sin(2x + 180) = sin2x cos 180 + cos 2xsin 180
=sin2x (—1) + cos2x (0)
= —sin2x
= —2sinxcosx

[ waited to apply the double-angle formula until [ saw which term would still be there
(not multiplied by 0).

Find an identity for cos (2x — 90). 2 sin x cos x.

cos(2x —90) = cos2xcos90 + sin2xsin90
=cos2x (0) +sin2x (1)
=0+sin2x
=sin2x
= 2sinxcosx
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J2-V3
Use a half-angle formula to find sin 15 degrees. —[

2 .
sinlstin% = +/@

—
[\

S

[\
|
SN
‘%

P

J4

2

[\

P

I chose the + sign for the value, because the sine is positive in Quadrant 1.

ﬂ
=

Use a half-angle formula to find cos 22.5 degrees.

c0s22.5= (:054?5

1+ cos45

=+

i

—_
+
e

|

N
+
=

N

[\
+
Iy

2+
2

The cosine is positive in Quadrant I.

I 2
Create a half-angle identity for cosecant. £ m

The cosecant is the reciprocal of the sine.

HE

x__1 _ 1 _ 2
2 “sinX¥  , [1-cosx = Y T=cosx
2 = —5
2F,/1+cosx
771 Create an identity for sinX. + [—
[ 28| y 4 2/2
X
sing =sing
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This isn’t too awfully helpful. It’d probably be just as easy to apply the identity twice in a prob-
lem rather than use this identity. Did you notice how the + or — became - or + when there was
a - sign in front?

Simplify the expression 2 cos’6x — 1. cos 12 x.

You might recognize this as being the cosine of a double-angle formula — the double angle is
12x. That’s the nicest way to simplify the expression — it makes it a single term.
2cos’6x—1=cos2(6x)=cos12x.

Simplify the expression cos (30 —x) —sin(60 - x). sin x.

Apply the two different difference identities and simplify the resulting expression.
cos(30—x) —sin(60 - x)

=cos30cosx + sin30sinx — (sin60 cosx — cos60sinx)

/3 1 /3

. 1 .
=—— COSX + = SINX — —5— COSX + = SINnXx
g COSXT5s g COSX+5s

=sinx

Simplify the expression sin (% + x) - cos <% + x). J2cosx.
Apply the two different sum identities and simplify the resulting expression.

sin(% +x> - cos(%E +x>
51 51

=sin % cosx + cos% sinx — (cosT COSX — sinT sinx)

/2 /2 /5]

=Y cosx + Tsinx— [_T

=/2cosx

Simplify the expression cos’2x + 4sin® xcos’ x. 1.
If you recognize the second term as being the square of a double-angle formula, then you can
make short work of this. Otherwise, you can substitute in the double-angle formula of the first
term, simplify, and get the same answer. I'll show you both ways. First,
cos? 2x + 4sin® x cos’ x = cos’ 2x + (2sinxcosx)

= cos’2x + sin” 2x

=1
Second,
Cos* 2x + 4sin’ xcos’ x = (cos’ x — sin® x ) + 4sin® xcos’ x

= cos’ x — 2sin’ xcos’ x + sin’ x + 4 sin’ x cos’ x

= cos' x + 2sin’ xcos’ x + sin’ x

2 s o\
= (cos’x +sin’ x)
=1
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Solve the identity cos3x =4cos’x— 3cosx.

This looks very much like problem 22, but it isn’t. The goal here is to have both sides be
the same. Start with writing the left side as cos (2x + x), but choose a different double-angle
formula — you want everything in terms of cosine.

cos(2x+x)=4cos’ x - 3cosx
cos2xcosx — sin2xsinx =
(2cos’x — 1) cosx — (2sinxcosx) sinx =
2cos®x — cosx — 2sin*xcosx =
2cos’ x—cosx—2(1—cos’x)cosx =
2cos’ x — cosx—2cosx +2cos’ x =
4cos’ x—3cosx=4cos’x—3cosx

. . sin2x  _
Solve the identity 72> <5 = tanx.

Apply the double-angle formulas and simplify the fraction on the left. You have to choose the

double-angle formula for the cosine carefully. You want to get rid of that 1 in the denominator.
sin2x

1+ cos2x
2sinxcosx

1+2cos’x—1"

2sinxcosx _

2cos’x

Zsinxcosx
Zcosxcosx

sinx

COSX —
tanx = tanx

=tanx

cos % + sin %
Solve the identity —5———% = secx + tanx.
cos’y —siniy

First, I'll insert the half-angle formulas.

/1 +cosx /1 — COSX
2 2

/1 +cosx _ /1 — cosx
2 2

The denominator of the fraction has two radicals in it. I'll rationalize the denominator.

/l+cosx +/1—cosx /1+cosx+/l—cosx
2 2 ) 2 2

/1+cosx_/1—cosx /1+cosx+/l—cosx
2 2 2 2

1+ cosx 1-cos’x , 1-cosx
2 T2t

1+cosx 1-cosx
2

1+cosx;1—cosx +9 /1 —czoszx

1+ cosx—1+cosx -

1+/1-cos’x _

COsXx

=secx + tanx

secx + tanx

Now, use the Pythagorean identity on the value under the radical, rewrite the fraction as two,
and use the appropriate identities.
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1+ /sin’x

COSX
1+ sinx _
COSX
1 + sinx _
COSX ' COSX —

secx + tanx = secx + tanx

2
6 : . _cot’x-1
Solve the identity cot2x ot -

The cotangent is the reciprocal of tangent, so I'll start with that reciprocal identity, insert the
tangent double-angle formula, and change everything to cotangents.

1 _cot’x-1
tan2x =~ 2cotx
1
2tanx
1-tan’x
1-tan’x
2tanx

One way to change to cotangents is to change all the tangent terms using the reciprocal iden-
tity. That will create a complex fraction (fractions within a fraction). Instead, a quicker, neater
approach is to just multiply each term in the numerator and denominator by the square of
cot x. The product (tan x)(cot x) = 1.

1—tan’x cot’x

2tanx cot’x

1(cot’x) - tan’x (cot’ x)
2tanx (cot®x )

cot?’x—1_ cot’x—1
2cotx 2cotx

o 1 ~ ~
Solve the identity <o~ tany = S€CX — tanx.

The expression on the right is the conjugate (same two terms, different sign between them) of
the denominator. I'll multiply numerator and denominator of the fraction by that conjugate and
then insert a Pythagorean identity.

1 _secx —tanx

secx+fanx secx—tanx _ SECX ~tanx
secx —tanx _
sec’ x —tan’ x
secx —tanx _
(tan’x+1) —tan’x
—secxI tanx _ gecx - tanx
2 e 2
olve the identity ——=———-—= = cotx — tanx.
Solve the identity OS2 —S0-X = cotx — t
Split up the fraction into two and reduce the fractions. The ratio identities will take care of
the rest.
2 e 2
cos’—sin’x
== —tan
sinxcosx ~ CotX—tanx
cos’x sin’ x

sinxcosx sinxcosx
COSXCOSX  simXsinx _
sinxcosx  siXcosx

cosx _ sinx

sinx  COSX —
cotx — tanx = cotx — tanx




Chapter 11
Techniques for Solving Trig Identities

In This Chapter

Working on identities one side at a time
Finding common denominators to solve identities
Multiplying by conjugates

Writing all functions in terms of just one

Solving trigonometric identities is good exercise for the mind. It’s also a great skill to
develop so you can become better at algebra, conquer trigonometry, and prepare for
calculus. Take your pick, the reason is here.

Sometimes, the best method needed to solve a trig identity just leaps out at you. Other
times, you just have to make an educated guess or jump in and try something. In this chap-
ter, I discuss many different options that you can use to solve trig identities. Often, more than
one technique will work on the same identity. Your goal is to pick the one that’s quickest and
easiest for you.

Working on One Side at a Time

The preferred method for solving identities is to work on just one side of the equation and
make it match the other side. You look for the more complicated side to work on — the one
with more terms or functions other than sine or cosine. It’s usually easier to make two terms
become one than the other way around. In the following two examples, [ show you how to
solve the same identity working from one side and then the other. You can decide which you
think is easier and clearer.
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éﬁ&PLE

Q. Solve the identity

cotx + 4secs
cotxcscx

the left side.

= sinx + 4 tan’ x, working on

A. First split up the fraction on the left into
two, with the two different terms in the
numerators and the same denominator.
After that, reduce the first fraction and
then change all the functions on the left
using reciprocal identities:

cotx+4secs _ i Atan?x

cotxcscx
cotx 4secx _
cotxcscx  cotxcscx
'cotx +_Adsecx _
cotxcscx

cotxcscx

1
S 4 cosx -

1 cosx 1
sinx sinx sinx

Simplifying the complex fractions and then
applying the ratio identity,

. 4  sin’x _
SINX + ¢55% " "Cosx
4sin’x

sinx + =25 = sinx + 4tan’ x
cos’x

S

Solve the same identity working on the
right side.

First rewrite each term on the right as a
fraction, find a common denominator, and
add the fractions together.

cotx + 4secx

. 2
Cotxcscx sinx+ 4tan’x

sinx | 4sin’x
1 cos’x
_ sinxcos’x | 4sin’x
cos’x cos’x
_ sinxcos’x+4sin’x
cos’ x

Now divide each term in the fraction by the
square of sine times cosine, simplify, and
apply the appropriate ratio and reciprocal
identities.

sinxcos® x 4sin’x
_sin’xcosx _ sin’xcosx
cos’ x
sin’ xcosx
CcoSX 4
_ sinx ~ COSXx
cosx 1
sinx sinx

_cotx+4secx
cotxcscx

The hard part is coming up with the factor
to divide everything by. It isn’t always
that obvious and can make you feel like a
magician — pulling things out of thin air.

1. Solve the identity, working on one side

tanx—1

1 - cobx =tanx.

only:

Solve the identity, working on one side

1+ cotx

— 2. 2
cotx =tanx+ csc’x—cot x.

only:



3.

Solve the identity, working on one side
only: sin®2x + 2cos2x + 4sin’ x = 2.

Chapter 11: Techniques for Solving Trig Identities ’ 63

4. Solve the identity, working on one side

1 - cos8x

{1+ cosdx) |~ Coshx.

only:

5.

Solve the identity, working on one side

sinx + cosx cos’ x

only: tanx =COSX + ~5 o

6. Solve the identity, working on one side
sec’ x+3secx—4tan’x—4
tan’x—4secx+4

only: =secx.
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Working Back and Forth on ldentities

The optimum situation when solving an identity is when you can work on just one side
of the equation and get it to match the other side. That isn’t always practical, though.
Sometimes you have to work on each side separately to get them to be the same.

1-cosx __sin’x
cscx 1+cosx’

Solve the identity

On the left, rewrite the denominator using
areciprocal identity and then simplify the
complex fraction. On the right, split up the
cube of sine, use a Pythagorean identity,
factor the difference of squares, and reduce.

1-cosx _ _sin’x
csCx 1+ cosx
1 -cosx _ sinxsin’x
1 1+ cosx
sinx
. 2
1-cosx  sinx _ sinx (1 - cos’x)
1 1 1+ cosx
) sinx (1 - cos®x)
(1-cosx)sinx =—————=
1+ cosx

sinx(l—cosx)gb—/eesﬂl
l}eﬁﬁl

=sinx (1 — cosx)

> ©

_sec’x-1

Solve the identity tan(x+m) tanx

This identity particularly begs to be solved
by working on both sides at the same time.
There don’t seem to be any connections,
otherwise. Use the tangent sum identity on
the left, and use a Pythagorean identity in
the numerator, on the right. The tangent of
n is replaced with its numerical value, 0.

_sec’x—1
tan (x + 1) = S50
tanx +tanm _ (tan’x+1) -1
1 - tanxtanm tanx
tanx+0 _ tan’x
1-tanx(0) tanx
—tailx = tanx

Solve the identity by working on each side
at the same time:
(sinx + cosx) sinx = 1 — cosx (cosx — sinx).

8.

Solve the identity by working on each side
at the same time:

sin2x + cos2x 2
—_— =24+ X — nx.
sinxcosx cotx—ta
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9.

Solve the identity by working on each side
at the same time:

2 _ sin'x+ cos’x

(sinx + cotx) — +2cosx.
sin®x

165

10. solve the identity by working on each side
at the same time:
sin(x - )

—————<~=3-2sin*x-2cos’*x.
sin(x+m)

Changing Everything to Sine and Cosine

The two most basic trigonometric functions are the sine and cosine. They’re in the ratios
for tangent and cotangent. They’re the reciprocals of cosecant and secant. For this reason,
a good technique to use when solving identities is to change every function until it only
has sines and cosines in it. You have fewer variables to look at when solving the identity.

Change everything to sines and cosines
when solving the identity
cscx — cotxcosx = sinx.

The two terms on the left will have a
common denominator, so they can be
subtracted. Then apply the Pythagorean
identity.
cscx — cotxcosx = sinx
1 _ cosxcosx _
sinx sinx 1
1-cos’x _
sinx
sin®x _
sinx
sinx = sinx

Q. Change everything to sines and cosines

2
when solving the identity —S€X _ = csc? x.
sec’x—1

A.  After changing the functions, simplify the
complex fraction on the left, and apply the
Pythagorean identity.

sec’x
2
sec’x—1
1
cos’x __ 1
sin® x

=csc’x

cos’x
1
cos’x
1-cos’*x
cos’x
1

1 cog’x
19037/x 1-cos’x
11
sinx sin’x
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11. solve the identity by changing all the func- 12. solve the identity by changing all the func-
tions to sines and cosines: tions to sines and cosines:
sec’x+csc’x=sec’xcsc x. cosx + cotx _

m =cosxcotx.

’3. Solve the identity by changing all the func- 14 Solve the identity by changing all the func-
tions to sines and cosines: tions to sines and cosines:
sec’ x + cot’x = csc’x +tan®x. 1+ cotx

_ 2. 2
cotx =tanx+ csc”x— cot” x.
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Multiplying by Conjugates

The technique of multiplying by conjugates comes up in several situations in mathemat-
ics. You use it with radicals, complex numbers, and now, in trigonometry. A conjugate
of an expression is similar to the original expression. It has the same two variables or
numbers, but the opposite sign is between them. The conjugate of x + 4 is x — 4. You
multiply by conjugates when solving identities and you’re stuck with a fraction with
two terms in the denominator — and there’s nothing else you can do with it.

Solve the identity

1

Cscx+ cotx | CSCX T cotx.

A. Multiply the numerator and denominator
of the fraction by the conjugate of the
denominator. Then there is a Pythagorean
identity that can be inserted.

cscx}L cotx gﬁgf - gggcc = €scx — cotx
cscx—cotx  _
csc’x —cot’ x
cscx — cotx

(1+cot’x) - cot’x

£sex — CoLx 1 COLX _ csex - cotx

1 _secx—1
secx tan’x

S

Solve the identity ¥

>~

Multiply the numerator and denominator
of the fraction on the left by the conjugate
of the denominator. Then apply the
Pythagorean identity. Multiplying numera-
tor and denominator of the result by -1
gives the terms the correct signs.

1 1-secx _secx-—1

1+secx 1-secx tan’x
1 -—secx
1-sec’x
1-secx _
1-(1+tan’x)
1-—secx _
—tan’x
secx—1_secx—1
tan® x tan®x

15. Solve the identity by multiplying by a

cotx _cscx+1
cscx—1 cotx

conjugate:

16. solve the identity by multiplying by a
sinx

——=— =cscx— cotx.
1+ cosx

conjugate:
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17. Solve the identity by multiplying by a 18. Solve the identity by multiplying by a
: .1-sinx _ _cosx : . 1+sinx+cosx _ 1+ cosx
conjugate: “eosx = T4 sinx conjugate: I —cosx _ sinx

Squaring Both Sides

Another version of working on both sides of an identity is squaring both sides. This
works especially well when there’s a radical in the equation that you need to get rid of.

Solve the identity 2sin’x - 1= /1 - sin®2x. Q. Solve the identity /2 (1 + cos2x) = %

Square both sides to get rid of the radical.

>~

Square both sides. Then apply the double

Then square the binomial on the left and angle identities.
apply the double-angle formula on the , ,
right. ( 2(1+c052x)) :(%>

2
(2$in2x—1)2:(,/1—sin22x> 9si )
Cd A 21 (i 2 2(1+2c052x—1)=m

4sin*x—4sin’x+1=1-(sin2x) siax
. 2 5
=1-(2sinxcosx) 2(2cos’x) = (2cosx)

=1-4sin’xcos’
$ cos x 4cos’*x=4cos’x

Next, apply the Pythagorean identity.
=1-4sin’x(1-sin’x)

4sin'x—4sin*x+1=1-4sin’x+4sin’x




COosx

: . [1=sinx _
79 Solve the identity: /1 Tsinx - T fsine
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20. Solve the identity:

1+ cosx

=cscx + cotx.
1-cosx

Finding Common Denominators

Before you can add or subtract fractions, you have to be sure that the denominators
are the same. If they aren’t, you determine their common denominator and rewrite the
fractions. This process is actually very helpful when solving identities. It allows you to
add those fractions together, and it’s usually a big help in solving the identity. You use
this method when you have two or more terms on one side and only one term on the
other side of the equation. It’s a way of putting the terms together.

Solve the identity

1—-cosx sinx

- =2cscx.
sinx 1-—cosx

After rewriting the two fractions on the left
with the common denominator and adding
them together, square the binomial and
use the Pythagorean identity. Simplify the
numerator, reduce, and use the ratio identity.

1-cosx | 1—cosx

sinx sinx 9
- . =2cscx
sinx 1-cosx

1-cosx sinx

(1 - cosx) + sin®

sinx (1 — cosx)

1-2cosx+cos’x+1—-cos’x _
sinx (1 - cosx)

2-2cosx __ _

sinx (1 — cosx)

2(1/—eor5751

sinx (1 =

1

2 =
sinx
2cscx=2cscx

0.

Solve the identity

1+secx _ tanx _ 1+secx
tanx SeCx  secxtanx”

After rewriting the two fractions on the left
with the common denominator and adding
them together, simplify the numerator.
Apply the Pythagorean identity and sim-
plify again.

1+secx  secx _ tanx  tanx _ 1+ secx

tanx S€CX ~ SECX tanx  secxtanx
(1 +secx)secx —tan’x
tanxsecx

secx + sec’x — tan’ x
tanxsecx

secx+ (tan’x+ 1) - tan’ x
tanxsecx

secx+1 _
tanxsecx

1+ secx
secxtanx
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21. Solve the identity: ; L o.secx  cscx __ 4
ovle ei enll y: 22. Solve the identity: sinx T COSX = Sin%x"

. - — =2sec’x.
sinx+1 sinx-1 sec

23. Solve the identity: 2 4 Solve the identity:

1 1 sinx 1+ cosx
_ : =2 X.
secx—1 secx+1 1+ cosx sinx cse

=2cot’ x.
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Writing All Functions in Terms of Just One

Each of the six trig functions has an equivalence or identity in terms of each of the other
trig functions. The sine function can be written as something equal to cosine or tangent

or cotangent or secant or cosecant. Here’s what they look like:

sinx= /1 — cos’x

1

sinx = =———
J/1+cot x

o1
Slnx——cscx

sinx =

tanx

sinx = T
Jtan“x+1

Jsec’x—1

secx

Writing a trig expression with just one function in it can simplify your work if you're
having to put in function values for a lot of problems. You can just find the value for
the one function and use it over and over. I gave you the equivalents for sine. Here’s
how I got a couple of them. In each case, | chose an identity that involved the sine and
also the other function it’s to be written in terms of. Sometimes you have to also use a

reciprocal of the function you want.

Write the sine in terms of cosine.

The sine and cosine are both in the
Pythagorean identity.

sin’x+ cos’x=1

sin’x=1-cos’x
To solve for the sine, just take the square
root of each side. The + or — value will be

assigned when you know which quadrant
the angle is in that you're working with.

sinx = /1 — cos’ x.

> ©

Write the sine in terms of the tangent.

The sine and tangent aren’t alone in any
standard identity. Start with the ratio iden-
tity involving the tangent and solve for

the sine.

_ sinx
tanx = G55

sinx = cosxtanx

Use the reciprocal identity on the cosine,
so the expression is in terms of the tangent
and secant. Then you can use the
Pythagorean identity involving the tangent
and secant to solve for the secant in terms
of tangent and substitute it in.

P _ tanx
SInX = gecx tanx = Secx

tan’x+1=sec’x, so secx=/tan’x+1
tanx

B Jtan’x+1
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25 Write the cosine function in terms of sine. 2 6. Write the cosine function in terms of
tangent.
27. Write the tangent function in terms of sine. 28. Write the secant function in terms of

cosecant.
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Answers to Problems Techniques
for Solving Identities

The following are solutions to the practice problems presented earlier in this chapter.

tanx—1

- cotx ~ tanx.

A Solve the identity, working on one side only:

Rewrite the cotangent in the denominator using the reciprocal identity. Then multiply both
numerator and denominator by tan x. Don’t distribute it in the numerator — leave it factored.

tanx -1
1-cotx
tanx—1 _

1
1- tanx

tanx (tanx—1)

1
tanx (1 - tanx)

= tanx

tanx (tanx — 1)
tanx -1

Now just reduce the fraction.

tanxgtjnaf(fjl ~

1ta =1
tanx = tanx
Solve the identity, working on one side only: 1:;0%);“ =tanx + csc’x — cot’x.

The right side has three different functions. Use a Pythagorean identity to rewrite the cosecant,
and then simplify.

1+ cotx

_ 2. 2
cotx =tanx+csc’x—cot’x
=tanx + (1 + cot’x) — cot’x

=tanx+1

Now just rewrite the tangent in terms of its reciprocal, find a common denominator for the two
terms, and add them together.

__1
cotx
__1 cotx
cotx ' cotx
1+cotx _ 1+ cotx

cotx cotx

+1

Solve the identity, working on one side only: sin*2x + 2 cos2x + 4 sin* x = 2.
Rewrite the double angle identities to get all the terms using the same angle.
sin®2x + 2 cos2x + 4sin* x=2
(2sinxcosx)’+2 (1~ 2sin’x) + 4sin' x =
4sin’xcos’ x + 2 — 4sin*x + 4sin* x =
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Next, replace the cosine term using the Pythagorean identity. Simplify. You'll notice that there
are two pairs of terms and their opposites, which will add up to 0.

4sin’x (1 -sin’x)+2—-4sin’x+4sin*x =
4sin’x—4sin*x+ 2 -4sin*x+4sin*x=
2=2

Solve the identity, working on one side only: 2(11%% =1-cos4x.

Apply the double angle identity to cos 8x. Then simplify the numerator and reduce the fraction.

1-(2cos’4x—1)
2(1+ cos4x)

1-2cos’4x+1 _
2(1+ cos4x)

2—2cos’4x _
2(1+ cos4x)
Z(1-cos’4x)
Z(1+cosdx)

=1-cos4x

The numerator is the difference of two squares. Factor it and reduce the fraction.

(1- cosébc)gl/ﬂeesitﬂ1 ~
1+ cosdx B

1-cos4x=1-cosdx

sinx + cosx cos’x

Solve the identity, working on one side only: tanx =CosX + 5o

Find a common denominator for the two terms on the right. Rewrite the fractions, and add
them together. Then factor out cosine from the two terms in the numerator.

sinx + cosx _ cos’x
tanx =cosx+ sinx

_ cosx | cos’x

1 sinx

_ cosx  sinx , cos’x
1 sinx  sinx

_ sinxcosx , cos’x
sinx sinx

_ sinxcosx + cos’x

sinx
_ cosx (sinx+ cosx)
- sinx

Now multiply both numerator and denominator by ﬁ. Simplify, and use the ratio identity on
the denominator.

1 .
_ Cosx Cosx (sinx+ cosx)
T 1 sinx
COSX
COSX (sinx + cosx)
- sinx
COSX

sinx + cosx _ sinx+ cosx

tanx tanx
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sec’x+3secx—4tan’x—4
tan’x—4secx+4

Solve the identity, working on one side only: =secx.

Change the two tangent terms using the Pythagorean identity. Simplify the numerator and
denominator.

sec’x+3secx—4tan’x—4
tan’x —4secx+4

sec’x+3secx—4(sec’x—1)-4

=Secx

(sec’x—1)—4secx+4
sec’x+3secx—4sec’x+4-4
sec’x—1-4secx+4

sec’x—4sec’x+3secx _
sec’x—4secx+3

Now factor sec x out of each term in the numerator and reduce the fraction.

9 1
secx (sec’ x=4secx+3)

1sec2 = xX+3

SeCx =secx

Solve the identity by working on each side at the same time:
(sinx + cosx) sinx =1 - cosx (cosx — sinx).
Distribute the terms on both sides. Then, on the left side, replace the first two terms using the
appropriate Pythagorean identity.
(sinx + cosx)sinx=1— cosx (cosx — sinx)
sin® x + cosxsinx = 1 — cos® x + cosxsinx
=(1-cos’x) + cosxsinx
= sin’ x + cosxsinx
The two sides are now equal. Neither is the same as the beginning, but this is an equation — an
identity.

sin2x+ cos2x _ 2+ cotx — tanx.

Solve the identity by working on each side at the same time: SINXCOS X

On the left side, use the double angle identities to replace those terms. On the right, replace the
cotangent and tangent using ratio identities, find a common denominator, and add the fractions.

M =2+ cotx — tanx

sinxcosx
2sinxcosx +cos’x—sin’x _ o cosx _ sinx
sinxcosx sinx ~ COSX

_ 2sinxcosx , _cos’x _ _sin’x
sinxcosx  sinxcosx sinxcosx
_ 2sinxcosx+ cos’x —sin’x
sinxcosx
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A Solve the identity by working on each side at the same time:
s 4 2
(sinx + cotx)zz w +2cosx.
sin’x
Square the binomial on the left. Split up the fraction on the right. Now, on the left, replace the
cotangent using the ratio identity and simplify that term. On the right, reduce the first fraction
and change the second to the cotangent on the left using the ratio identity.

2_ sin'x+ cos’x
sin’ x
sin'x , cos’x
sin®x  sin®x

2
sin’ x + 2 siax €93X 4 cot? x = sin® x + 25X
siAx sin’x

sin’ x + 2 cosx + cot’ x = sin’ x + cot’ x + 2 cosx

(sinx + cotx) +2cosx

sin’ x + 2 sinxcotx + cot’ x = +2cosx

+2cosx

sin(x - )

- =1-2sin’x-2cos’*x.
sin(x+m)

B4 Solve the identity by working on each side at the same time:
Apply the sum and difference formulas on the left. Factor out the -2, on the right, and apply the
Pythagorean identity.

sin(x—m
¥(—)=3—25in2x—2c052x
sin(x+ )

SINXCOST — COSXSINT _ 5 _ o
sinxcosT + cosxsinm

sinx (—1) — cosx (0)

sinx (—1) + cosx (0)
—sinx _,
—sinx

(sin’x + cos’x)

=3-2(1)

BI} Solve the identity by changing all the functions to sines and cosines: sec’ x + csc?x = sec’ xcsc’ x.

Work on only one side — I've chosen the left side. Change the two terms using reciprocal identi-
ties. Then find a common denominator and add them together. The numerator of the fraction

is equal to 1, using the Pythagorean identity. Then the two terms in the denominator can be
changed, using the reciprocal identity.

sec’x+csc’x=sec’xcsc’x

1 1
ot oo T
cos’x  sin’x
1 sin’x 1  cos’x_

sinx cos’x
sin’ x + cos® x
sin’ xcos’ x
1
e 2 2
sin’ xcos’ x
csc’ xsec’ x =sec’xcsc’ x

cos’x sin*x
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Ccosx + cotx

tanx + secx _ cosxcotx.

Solve the identity by changing all the functions to sines and cosines:

Change all the functions in the fraction using reciprocal and ratio identities. Add the fractions
in the numerator together and in the denominator together, after finding common denomina-
tors. Multiply the numerator times the reciprocal of the denominator, and reduce. The ratio
identity is used, at the end, to change the factor to cotangent.

cosx + Cs?:f
- = cosxcotx
sinx 1
COSX T CosSX
cosxsinx |, cosx
sinx sinx _
sinx 1

cosx ' cosx
cosxsinx + cosx

sinx _
sinx +1
CcOsX
COSXSinXx+ COSX  _COSX _
sinx sinx+1
cosx (sin¥+1)  cosx
sinx si
cosx -
sinx | COSX = cotxcosx

Solve the identity by changing all the functions to sines and cosines:
sec’ x + cot’ x = csc’ x + tan’ x.

This identity is easier working on both sides — as well as changing everything to sine and
cosine. Use the ratio and reciprocal identities, first. Then add the fractions together, on each
side of the equation.

sec’x+cot’x=csc’x+tan’x

1, cos’x__1  sin’x

cos’x sin’x sin*x  cos’x
1 sin’x  cos’x cos’x __ 1  cos’x _ sin’x sin’x
cos’x sinx sinx cos’x sinx cos’x cos’x sin’x

sin’x + cos'x _  cos’x + sin' x
sinxcos’x sin*xcos’x sin®xcos’x sin’xcos’x
sin’x+ cos'x _ cos’x+sin'x

sin’ xcos’ x sin’ xcos’ x

Write each fourth power as the product of two squares. Then apply the Pythagorean identity to
each and distribute.

sin’x + cos’xcos*x _ cos’x + sin’ xsin®x

sin’ xcos’ x sin’ xcos’ x
o2 2 s 2 2 02 2
sin’x+cos’x (1 -sin’x) cos’x+sin’x(1-cos’x)
sin® xcos’x - sin® xcos®x

sin’x + cos® x — sin’ xcos’x _ cos®x + sin’x — sin’ xcos*x
sin’xcos’ x sin’ xcos’ x




’ 78 Part lll: Trigonometric Identities and Equations

Solve the identity by changing all the functions to sines and cosines:

1+ cotx

— 2. 2
cotx =tanx+ csc’x—cot” x.

This identity may look familiar. It’s the same as Problem 2, but with a different technique. First,
change every term on the right to its equivalent using ratio and reciprocal identities. Then find
a common denominator and add all the fractions together.

1:0%;36 = tanx + csc’ x — cot?
_ sinx 1  cos’x
T COSX " sin’x  sin’x
_sinx sin’x 1  cosx _cos’x cosx
COSX sin’x  sin’x COSX  sin’x COSX

sinx , _ cosx _ _ cos’x
sinxcosx sin’xcosx sin’xcosx
_ sin’x+ cosx —cos’x
sin’ xcosx

Now factor a cosine out of the last two terms in the numerator. Replace what’s in the parenthe-
ses using the Pythagorean identity. Now divide each term in the fraction by the cube of the
sine. Reduce, simplify, and apply the ratio identity.

sin’ x + cosx (1 — cos’x)
- sin’ xcosx

sin’ x + cosx (sin’ x)
B sin’ xcosx

a2

sin’x cosx (sin’x)

_ sin’x sin®x
sin’ xcosx
sin®x

1 . 1
sig¥x  COSX (s x)
. + 1
SiE*X sin’ x
1SIRPX COSX
I ailiietded
sin’ x
cosx
M singe
T cosx
sinx
_1+cotx
cotx

cotx _cscx+1
cscx—1 cotx

Multiply the fraction on the left by the conjugate of the denominator. Then replace the square
of the cosecant using a Pythagorean identity. Reduce the fraction.

Solve the identity by multiplying by a conjugate:

cotx _cscx+l
csex—1 cotx

cotx  cscx+1 _
cscx—1 cscx+1

cotx (cscx+1)
cscix—-1
cotx (cscx+1)
l+cot’x-1 ~
cotx(cscx+1)
cot’ x
cscx+1 _cscx+1

cotx cotx
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sinx

B3 Solve the identity by multiplying by a conjugate: Thcosx

=cscx — cotx.
Multiply the fraction on the left by the conjugate of the denominator. Substitute in the denomi-
nator using the Pythagorean identity. Then reduce the fraction. Separate the result into two
separate fractions and apply the reciprocal and ratio identities.
sinx
1+ cosx
sinx 1-cosx _
1+cosx 1-cosx
sinx (1 —cosx) _
1-cos’x
sinx (1 - cosx) _
sin’x -
'sink (1-cosx) _
sin’ x
1 _ cosx _
sinx sinx
cscx — cotx =cscx — cotx

=cscx — cotx

1-—sinx _ _cosx
€osx 1 +sinx”

Multiply the fraction on the left by the conjugate of the numerator. Replace the numerator with
its Pythagorean equivalent and reduce the fraction.

Solve the identity by multiplying by a conjugate:

1-sinx _ _cosx
COsx 1+ sinx
1—sinx  1+sinx _
COsX 1+ sinx
1-sin’x
cosx (1 +sinx)

1
cos’ x
cosX (1 + sinx)
COSX _ _ _COSX
1+sinx 1+ sinx

1+sinx+cosx _1+cosx
1+ sinx - cosx sinx

BEl Solve the identity by multiplying by a conjugate:

This identity takes a careful choice of which conjugate to use. Take the fraction on the left, and
break up the terms with the 1, first, and the next two terms as a grouping. Then multiply by the
conjugate of the denominator.

1+ (sinx+cosx) 1+ cosx
1+ (sinx—cosx)  sinx
1+ (sinx+cosx) 1-—(sinx—cosx) _

1+ (sinx—cosx) 1-(sinx—cosx)

When multiplying these fractions together, look at them as being binomials, and use FOIL.

1 - (sinx — cosx) + (sinx + cosx) — (sinx + cosx)(sinx — cosx) _
1 - (sinx — cosx) + (sinx — cosx) — (sinx — cosx)(sinx — cosx)

1 — sinx + cosx + sinx + cosx — (sin® x + cos’ x)

1 - sinx + cosx + sinx — cosx — (sin’ x — 2sinxcosx + cos’ x)

1 — sinx + cosx + sinx + cosx — sin’ x + cos’ x _
1 — sinx + cosx + sinx — cosx — sin’ x + 2 sinx cosx — cos’* x

179
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Simplify the fraction, combining like terms. Replace the Pythagorean expression in the denomi-
nator with a 1 and the sine squared term in the numerator with its Pythagorean equivalent.

1+2cosx— (1~ cos’x)+cos’x

1+ 2sinxcosx — (sin’x + cos’ x)

1+2cosx—1+cos’x+cos*x
1+ 2sinxcosx — (1)

2cosx+2cos’x _
2sinxcosx

Now factor the numerator and reduce the fraction.

2cosx (1 +cosx)
2sinxcosx

'2cesx (1 + cosx) B
 Zsinxcosx

1+cosx _1+cosx
sinx sinx

. . 1-sinx _ cosx
B Solve the identity /1 e "1t 5%
Square both sides. Replace the numerator on the right using a Pythagorean identity. Then
factor the numerator and reduce the fraction.

/1 —sinx _ _cosx
1+sinx 1+sinx
/1-sinx 2:( cosx )2
1+ sinx 1+ sinx
1 -sinx _ __cos’x
L+sinx (1 4 sinx)
_ 1-sin’x
(1+sinx)
(1- sinx)ﬁb;s-‘mﬂl
= 1
(I+ sinx)z

_1-sinx
1+ sinx

. . 1+ cosx
20 — 2 =
B4 Solve the identity [ cosy ~ CSCX + cotx.

Square both sides. Multiply out on the right. Then change each term on the right, using recipro-
cal and ratio identities. They all have the same denominator, so add the fractions.

/% = cscx + cotx
2
2
( /%) = (cscx + cotx)

14cosx _ o2 4 2cscxcotx + cot? x
1—-cosx
__1 ,_2 cosx  cos’x
sin’x  sinx sinx sin’x
_1+2cosx+cos’x
sin’x
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Replace the denominator using a Pythagorean identity. Then factor it. Now factor the
numerator — it’s a perfect square binomial. Reduce the fraction.

_1+2cosx+cos’x
1-cos’x

/1
B (1+cosx)

- (L+eosx)(1 - cosx)
1+cosx _1+cosx
1-cosx 1-cosx

1 1

. - — =2sec’x.
sinx+1 sinx-1

Solve the identity:

Add the two fractions on the left together, after finding their common denominator and chang-
ing both fractions. Simplify the numerator. Replace the square of sine in the denominator using
a Pythagorean identity. Then finish it up with the reciprocal identity for secant.

1 osinx—1_ 1  sinx+1
sinx+1 sinx—1 sinx—-1 sinx+1
sinx—1 sinx+1 _

sinx—1 sin’x-1"
sinx—1-(sinx+1)

=2sec’x

sinx—1
=2 _
sinx—-1"

-2  _

(1-cos’x)~-1
-2 _
—cos’x

2sec’x=2sec’x

secx , cscx __ 4
sinx = COSX  sin2x’

Solve the identity:

Find a common denominator, and add the two fractions on the left together. Notice that you're
multiplying two reciprocals together in each numerator, so the product is 1. Multiply numerator
and denominator of the fraction by 2. Replace the denominator with its double angle equivalent.

secx , cscx __ 4
sinx

COSX ~ sin2x

SeCX COosx CSCX | sinx
sinx COSX COSX sinx

- 1 + = 1 =
sinxcosx = sinxcosx
2
sinxcosx
4
2sinxcosx
4 4

sin2x ~ sin2x
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1 _ 1
secx—1 secx+1

Solve the identity: =2cot’x.

Find a common denominator, and add the two fractions together. Replace the square of secant
in the denominator with its equivalent, using a Pythagorean identity. Simplify, and apply a recip-
rocal identity.
1 _ 1
secx—1 secx+1
1 _secx+1 _ 1 .secx—1_
secx—1 secx+1 secx+1 secx-1
secx+1 secx—1 _
sec’x—1 sec’x-1
secx+1—(secx—-1)
sec’x—1 B
2
sec’x—1
2
(tan’x+1)-1
2 _
tan’x
2cot’x=2cot’x

=2cot’x

sinx 1+ cosx
+ - = .
+ cosx sinx Zesex

Solve the identity:

Find a common denominator, and add the two fractions together. Square the binomial in the
numerator. Then combine the two terms from the Pythagorean identity to get 1. Factor the
numerator, and then reduce the fraction. Use the reciprocal identity to finish the job.

sinx + 1+ cosx
1+ cosx sinx

sinx  sinx , 1+cosx 1+cosx
1+ cosx sinx sinx 1+ cosx

sin®x (1+cosx)
sinx (1+cosx) = sinx (1 +cosx)

2csex

sin?x + (1 + cosx)
sinx (1 + cosx)

sinx+1+2cosx+cos’x
sinx (1 + cosx)

(sin®x+cos’x) +1+2cosx
sinx (1 + cosx)

2+2cosx
sinx (1 + cosx)

ZMI ~
sinx (1 +eos¥)

sinx

=2cscx
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Write the cosine function in terms of sine. cos x = /1 —sin’ x.

Start with the Pythagorean identity and solve for cosine.

sinx+ cos*x=1
cos’x=1-sin*x

Jcos*x = /1 —sin’x

cosx=41-sin’x

tan’x+ 1
Start with the Pythagorean identity involving tangent and secant. The secant is the reciprocal
of cosine, so that will be used in the process. After replacing the secant with cosine, solve for
the cosine by flipping the proportion.

Write the cosine function in terms of tangent. cos x = %

tan’x+1=sec’x

tan’x+1= 12
cos’ x
tan®x+1__ 1
1 cos’x
1 _cos’x
tan®x + 1 1

/ 1
2 —
cos X_V tan®x + 1

COSX = +
Jtan® x+1
sin x

Write the tangent function in terms of sine. tan x = s’
—sin’x

Start with the ratio identity. Then replace the cosine with its equivalence from Problem 25.

_ sinx
tanx = cosx

sinx

- /1-sin’x
Write the secant function in terms of cosecant. secx = —cszcx .
Jeseix—1

Start with the Pythagorean identity involving sine and cosine, the reciprocals of these two func-
tions. Replace the sine and cosine with reciprocal equivalences. Then solve for secant.

sinx+cos’x=1

1
i T Lz =
csc’x  sec’x
1 _ 1
2. 1- 2
sec’x csc’x
1 _cesc’x_ 1
sec’x csc’x csc’x
1 _csc’x-—1

sec’x csclix
sec’x _ _csc’x

1 cscix—1
2
[soc® x = / csc’x
cscix—1

CSCX

secx = ———
Jeserx—1
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Chapter 12
Introducing Inverse Trig Functions

In This Chapter

Figuring out where inverse functions go
Using inverse trig functions in equations

Finding the single solution or the many solutions

nverse trig functions work much like the inverses of the algebraic functions. The inverse

reverses the operations and figures out what the input was. The main difference between
the algebraic and trig inverses, though, is that there are restrictions on the results of applying
the inverse trig functions. Each function has its own designation in terms of which quadrants
apply.

There are inverse trig functions and inverse trig relations. The functions act as all functions
do — one answer for each input. The relations give an infinite number of answers —
everything that works. For example, the inverse sine function is designated with
Arcsinx or Sin"'x, and the inverse sine relation is designated with arcsinx or sin™'x.
The rest of the functions have similar notation. To tell them apart, the inverse trig functions
are capitalized, and the relations aren’t.

\\J
The -1 superscript written between the function and the angle means that this is an inverse
function; it doesn’t mean that the function is being raised to that power.

Determining the Correct Quadrants

When applying the inverse sine function, the range (output) or results are always angles in
Quadrant I and Quadrant IV. The same is true of the cosecant and tangent. When applying
the inverse cosine, secant, or cotangent, the answer is always an angle in Quadrant [ or II.

This way, there’s only one possible answer for each inverse function input.

If you input a positive number into the _Q. If you input a negative number into the
inverse cosine function, in which quadrant inverse tangent function, in which quad-
will the answer lie? rant will the answer lie?

A. Quadrant I. The cosine is positive in A. Quadrant IV. The tangent is negative in
Quadrant I and in Quadrant IV, but the Quadrant II and Quadrant IV, but the
inverse cosine function doesn’t have inverse tangent function doesn’t have
results in Quadrant IV. results in Quadrant II.
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1.

Which inverse trig functions have range
values or results in Quadrant I?

2. Which inverse trig functions have range
values or results in Quadrant I1?

3.

Which inverse trig functions have range
values or results in Quadrant III?

4. Which inverse trig functions have range
values or results in Quadrant IV?
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Evaluating Expressions Using
Inverse Trig Functions

The notation for the inverse trig functions involves either a -1 superscript or the word
Arc in front of the name. In either case, the inverse function finds the angle measure
that is responsible for the particular value being input. The angle measure is taken
from the correct quadrant, as described in the previous section.

4f 1
Evaluate Cos 1(?)- 0. Evaluate Arcsec[—%].
60 degrees. The input value is positive, A. 150 degrees. The input value is negative,
so the answer'has. to be' f?om Quadrapt L, so the answer has to be from Quadrant II,
where the cosine is positive. The cosine where the secant is negative. You can get
of 60 degrees is equal to . this value from the table or you can use ref-

erence angles and quadrants. The secant of

30 degrees is 2 ‘3/§ The 30-degree angle is

the reference angle for 150 degrees in
Quadrant II.

o

a1
5. Evaluate Sin 1(_7)' 6 Evaluate Arccos[

|
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7. Evaluate Arctan(—/g). 8. Evaluate Cot™'(-1).

9. Evaluate Sec™!(2). 10. Evaluate Arccsc(— /5)




Solving Equations Using

Inverse Trig Functions

Chapter 12: Introducing Inverse Trig Functions

189

The whole point of having these inverse trig functions is to put them to use when solv-
ing equations involving trig functions. You start out with an equation that contains one
or more trig functions, apply any identities or algebraic operations necessary, and then
write the solution in terms of an inverse trig function — and evaluate that function.

The examples here and the practice problems for this section apply the inverse func-
tion property or definition: There’s one answer for each input. Sections later in this
chapter deal with some other cases — where there could be more than one answer to

an equation.

Solve the equation sinx + % =0.

330 degrees. First solve for sin x by sub-
tracting % from each side. Then rewrite the
equation, solving for x.

sinx + % =0
sinx = —%
x= Sin‘l(—%>

This last line is read, “x is the angle whose
sine is negative one-half.” Using the inverse
sine function, the answer is 330 degrees.
You get this value from the table in the
appendix, or you can use the reference
angle of 30 degrees in Quadrant IV to
reason this out.

> ©

Solve the equation tanxsinx — tanx = 0.

0 degrees and 90 degrees. First, factor out
the tangent. Then set each of the factors
equal to 0 and solve for x in each.

tanx (sinx—-1)=0

tanx =0 sinx—-1=0
sinx=1
x=Tan™'(0) x=Sin"!(1)

In the equation involving the inverse tan-
gent, the answer is x = 0 degrees. This angle
lies between Quadrant I and Quadrant IV,
where the inverse tangent is defined. In the
equation involving the inverse sine, the
answer is x = 90 degrees. This angle lies
between Quadrant [ and Quadrant II, where
the inverse sine is defined.

11. Solve the equation sinx = T2

12. Solve the equation sinxcosx—cosx=0.
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’3 Solve the equation tan’x—1=0. ’4. Solve the equation sec’ x — 2secx=0.

15. Solve the equation 16. solve the equation 4csc’x—1=0.
2 cotxsin’ x — sinxcotx = 0.
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Creating Multiple Answers for
Multiple and Half-Angles

The trig functions are periodic, which means that they repeat the same values over and
over again in a predictable pattern. Knowing when a particular value will occur if
you're plotting temperatures or seasonal sales is helpful. Sometimes, more than one
answer is needed.

One trig relation can have an infinite number of answers. For instance, in x = sin"<%>,

x =30, 150, 390, 510, 750, 870, . . . You can get pretty tired listing all of them. There is a
better way that uses a rule and the letter k to represent all the infegers (positive and
negative whole numbers and 0).

List all the solutions of x = sin"<%> in 0. Listall the solutions of x=tan"(1) in
degrees. radians.

A.  x=30+360k or x = 150 + 360k. These two A, x- 7 + k. Only one rule is needed here,
rules will generate all the possible answers. because the positive tangent values are
If k = 0, you just have the two angles 30 in quadrants that are diagonal from one
and 150. If £ = 1, you have 30 + 360 = 390 another (as are the negative).

and 150 + 360 = 410. Any integer will give
you another answer.

’ 7 List all the solutions of x=cos™
degrees.

B in 18. List all the solutions of x=sin"'(0) in
2 degrees.
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19. List all the solutions of x= tan"(—ﬁ) in 20. List all the solutions of x = sec’'(2) in
degrees. radians.
21. List all the solutions of x = cot™'(-1) in 22. List all the solutions of x = cos'(-1) in

radians. radians.
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Answers to Problems on Inverse Trig Functions

B

[

2

H

The following are solutions to the practice problems presented earlier in this chapter.

Which inverse trig functions have range values or results in Quadrant [? All the inverse trig
functions have their values in Quadrant I.

They’re all defined there.

Which inverse trig functions have range values or results in Quadrant II? The inverse cosine,
secant, and cotangent have their values in Quadrant II.

These functions are negative in Quadrant II.

Which inverse trig functions have range values or results in Quadrant IlI? None of the inverse
trig functions are defined for Quadrant III.

Which inverse trig functions have range values or results in Quadrant IV? The inverse sine,
cosecant, and tangent have values in Quadrant IV.

They’re all negative in this quadrant.

Evaluate Sin"(—%). 330 degrees (or % in radians).

/3

Evaluate Arccos[T]. 30 degrees (or % in radians).

Evaluate Arctan(—/ﬁ). 300 degrees (or 5?" in radians).
Evaluate Cot™'(-1). 135 degrees (or '?an in radians).
Evaluate Sec™'(2). 60 degrees (or % in radians).

Evaluate Arccsc(— ﬁ) 315 degrees (or ?T" in radians).

/2

Solve the equation sinx = @ x= Sin"[T] =45 degrees (or % in radians).

Solve the equation sinxcosx — cosx = 0. 90 degrees (or % in radians).
Factor out cos x. Then set each factor equal to 0 and solve for x.

cosx (sinx-1)=0

cosx=0 sinx—1=0
x=Cos™'(0)=90 sinx =1
x=Sin"'(1)=90

The factors each yield the same answer. This is the only solution.

Solve the equation tan’x — 1 = 0. 45 degrees or 315 degrees (or % or ?T“ in radians).

Factor first. Then set each factor equal to 0 and solve for x.

(tanx—1)(tanx+1)=0

tanx—1=0 tanx+1=0
tanx=1 tanx= -1
x=Tan'(1)=45 x=Tan'(-1)=315

Solve the equation sec’ x — 2secx = 0. 60 degrees (or % in radians).

Factor out sec x. Then set each factor equal to 0 and solve for x.

193
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secx (secx—2)=0
secx=0 secx—-2=0
* secx =2
x=Sec™'(2)=60

The first part has no solution — that’s why the *. The secant function has values 1 and bigger
or -1 and smaller — nothing in between.

Solve the equation 2 cotxsin®x — sinxcotx = 0. 0, 30, 90 degrees (or 0, %, % in radians).

Factor out sin x cot x. Then set each of the three factors equal to 0 and solve for x.

sinxcotx (2sinx—-1)=0

sinx=0 cotx=0 2sinx—1=0
x=Sin"'(0) x=Cot (0) 1
-0 90 sinx = 5
x= Sin"(%)
=30

Solve the equation 4csc’x— 1= 0. No solution.
First factor; then set the factors equal to 0 and solve for x.

(2cscx—1)(2cscx+1)=0
2csex—1=0 2cscx+1=0

-1 -1
cscx =75 cscx= -3

* *

There is no solution — that’s why the *. The cosecant function has values 1 and bigger or -1
and smaller — nothing in between.

2

The two solutions within one complete revolution are x = 150 and x = 210. Add multiples of 360
to each.

List all the solutions of x = cosl[—@] in degrees. x = 150 + 360k or x = 210 + 360k.

List all the solutions of x =sin"(0) in degrees. x = 180k.

The two solutions within one complete revolution are x = 0 and x = 180. Adding 180 to 0 gives
you 180, and adding 180 repeatedly gives you all the values.

List all the solutions of x = tan‘l( —ﬁ) in degrees. x = 120 + 180k.

The solutions within one complete revolution are x = 120 and x = 300. Adding 180 to 120 gives
you 300. All the solutions are obtained by adding multiples of 180 to 120.

List all the solutions of x =sec™'(2) in radians. x = % + 2kw or x = 5?" + 2kr.

The solutions within one complete revolution are x = % and x = 5?“ Adding multiples of 2r to
each of those gives you all the solutions.

List all the solutions of x = cot™'(-1) in radians. x = :%T” + kn.

The solutions within one complete revolution are %Tn and %n They’re just  apart, so all the

solutions can be written by just adding multiples of & to %Tn

List all the solutions of x = cos™'(-1) in radians. x = k=.

The only solution within one complete revolution is x = . All the solutions are obtained with
multiples of .
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Solving Trig Equations

In This Chapter

Solving for the few or the many angles

Solving equations using factoring techniques

Changing to fractions to solve equations

S)lving trigonometric equations involves many of the same techniques used in solving
algebraic equations, such as factoring, squaring both sides, and applying the quadratic
formula. One of the things that makes solving trig equations special is the ability to insert
completely different expressions by using the identities. Another thing that makes them dif-
ferent is that you can have multiple answers — mainly due to the periodic nature of the trig
functions and the way their values repeat.

Solving for Solutions within One Rotation

One rotation in trigonometry means a sweep of 360 degrees or 2r radians. It’s one time
around. Many times, this is all you need — just the answers to a trig equation within one
complete rotation. These answers usually come in pairs, because the same function values
occur in two of the four quadrants. The sines of both 30-degree and 150-degree angles are %.

Solve for x between and including 0 and 360 degrees (written 0 < x < 360) in
3tan’x—2,/3tanx-3=0.

x =60, 150, 240, and 330 degrees (or %,%, 4?“, % radians). First, factor the quadratic. This
particular factorization isn’t all that obvious except for the fact that /3 does occur in many of
the exact values for the more familiar angles.

(tanx— ﬁ)(Stanx+ /§) =0

Now set each of the factors equal to 0 and determine, using inverse trig functions, which angles
between 0 and 360 satisfy the equations.

tanx - /3 =0 3tanx+,/3=0
tanx = /§ 3tanx = _‘/ﬁ
tanx = —TB
x=tan‘l(/§)=60, 240 x:tan{—@JZ 150, 330

This example is done in degrees, but it could have just as easily been done in terms of radians.
It’s your choice.
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1.

Solve for x in 2sin’x — sinx — 1 =0 when
0<x=<360.

2.

/3

Solve for x in cos®x — “5 Ccosx= 0 when
0<x<360.

3.

Solve for x in tan’x— 1 =0 when
0 <x<360.

4.

Solve for x in sec’*— 4 =0 when 0 < x < 360.
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5. Solve for xin 1 + cot’ x + 2cscx = 0 when 6. Solve for x in sin2x — cosx =0 when
0 < x<360. 0 <x=<360.

Solving Equations with Multiple Answers

Trig equations with multiple angles are going to have multiple answers. The coefficient
W or multiplier on the variable is going to allow for more answers within one full rotation.
When solving equations for multiple angle values, there’s a technique to follow:
1. Solve for the angle measure, writing an equation involving an inverse trig
relation.
This isn’t a function; there’s more than one answer.
2. List all angles that satisfy this equation within one rotation.

3. Add 360 degrees (or 2rn) to each angle measure, repeating for as many multi-
ples as are indicated in the problem.

If the angle is 2x, you want two rotations, so add the 360 once to each angle. If it’s
3x, add it twice, and so on.

4. Divide each angle measure by the coefficient (multiplier) of the x.
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0.

b

/3

Solve sin3x = 5

20, 40, 140, 160, 260, 280 degrees. First, solve for 3x. Then determine the two angles within
one rotation that have this function value. Notice that the inverse relation is indicated with
a lowercase s to show it isn’t the function.

- sml[@]

2
3x =60, 120

The sine is positive in Quadrants I and II, and the sine is equal to @ for both of these

angles. Now add 360 degrees to each angle, and then add 360 degrees to those two results.
That gives you three full rotations of angles measuring 3x that have that sine.
3x =60, 120, 420, 480, 780, 840. Divide 3x and each of these angles by 3 to solve for x.

3 73"3°3"3"3"3
x =20, 40, 140, 160, 260, 280

Solve for x in 2sin®2x — sin2x = 0 when 0 < x < 360.

x =0, 15, 75, 90, 180, 195, 205, 270, 360 degrees. The first thing to do is factor the equation.
Then set the two factors equal to 0 and first determine what angles work for the angle 2x.

sin2x (2sinx-1)=0
sin2x=0 or 2sin2x—-1=0
2sin2x=1

sin2x = %
2x =0, 180, 360, 540, 720 9% = 30, 150,390, 410
Note that I included 720 degrees, because it’s at the end of the second full revolution. Now
solve for x by dividing every angle by 2.
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7. Solve for x in sin2x = —%. 8.

/2

Solve for x in cos3x = 5

9. Solve for x in sec’2x —sec2x=0. 10. solve for x in 2sin*3x — 3sin3x+ 1= 0.
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Special Factoring for a Solution

0.

>

The standard techniques of factoring out a greatest common factor (the largest value
that will divide all the terms evenly) or using unFOIL (factoring into the product of two
binomials) are the ones most commonly used when solving trigonometric equations.
The types of factoring that also may be needed are factoring binomials that have two
perfect cubes, factoring by grouping, and factoring quadratic-like equations. One that
can be dispatched rather quickly is the one involving perfect cubes. Doing the factor-
ization doesn’t really gain you much, so you might as well just take the cube root of
each side. I've included that little technique and explanation in this first example that
involves factoring by grouping.

Solve the equation 2sin’ xcosx — sin’ x — 2cosx+ 1=0.

x =60, 90, and 300 degrees. Factor the equation using grouping — the first two terms have
a common factor and the second two terms have a different common factor. Then factor
the common binomial out of those two results.

sin’x (2cosx—1)—-1(2cosx-1)=0
(2cosx—1)(sin®x-1)=0
The second factor here can be factored into (sinx — 1)(sin’x + sinx + 1), but the trinomial
doesn’t have any real solution, so doing the factoring doesn’t provide any answer. Just

move the 1 to the right and take the cube root of each side. The other factor can be solved
for x as usual.

2cosx—1)(sin*x-1)=0
(

2cosx—1=0 or sin’x—-1=0
2cosx=1 sin’x =1
cosx=1 Vsin®x = ¢1
2 sinx=1
af 1
x= cos™( ) = 60, 300 x=sin"'(1)=90

Solve the equation sec’ x—9sec’x+8=0.

x =0, 60, 300, and 360 degrees. This is a quadratic-like equation. It’s a trinomial where the
highest power is twice the other power, and the third term is a constant. You try to factor it
into the product of two binomials and then solve equations that are formed when those fac-
tors are set equal to 0. Here’s the factorization, first: (sec’ x — 1)(sec’x - 8) = 0. Set each
factor equal to 0, and solve for the values of x that work.

sec’x—-1=0 sec’x—-8=0
/sec’x =3/1 i/sec’x =3/8
secx=1 secx =2

x=sec'(1)=0, 360 x=sec™'(2) =60, 300
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’ ’ Solve for x in csc®x = 8. ’2. Solve for x in tan*x+ 1 =0.

73 Solve for x in ’4. Solve for x in
2sinxtanx + tanx — 2 /§ sinx — ﬁ =0. tanxsecx — 2tanx+secx—2=0.
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Using Fractions and Common Denominators
to Solve Equations

0.

=

Fractions aren’t everyone’s cup of tea. People avoid them just because they’re so fussy
to deal with. What'’s the fuss about? Oh, it’s those common denominators. In trig, though,
the tables are turned and you seek out fractions as aids to solving identities and equa-
tions. When you have a trig problem with fractions that have to be added, you find a
common denominator and then apply identities to finish up. And, even when you don’t
already have fractions, you introduce them by applying the identities, and then find
the common denominator. It just works so nicely.

Solve for x in secx — 2tanx =0 when 0 < x < 360.

x =30 or 150 degrees. This is a case where introducing fractions is to your benefit. Using a
reciprocal and ratio identity, the two fractions have a common denominator cos x and can
be subtracted to form one fraction.

1 _ 2sinx _ 0
COSX ~ COSX

1-2sinx _ 0
cosx

Now, setting the numerator equal to 0,

1-2sinx=0
1=2sinx
%:sinx

x= sin”(%) - 30, 150

You don’t set the denominator equal to 0 — that would create a number that doesn’t exist.
These two angles are the only solutions.

Solve for x in cscx —tanx + cscxsecx =0 when 0 < x < 360.

There’s no solution. First change the functions using reciprocal and ratio identities. Then
find a common denominator, rewrite the fractions, and combine them.

1 _ sinx 1 _
sinx COSX ' sinxcosx
1 cosx _ sinx  sinx 1 _
sinx COSX COSX sinx  sinxcosx
CcOSX sin’x 1

sinxcosx sinxcosx = sinxcosx
cosx—sin'x+1_
sinxcosx
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Now set the numerator equal to 0, apply the Pythagorean identity, and simplify the equa-
tion. This can be factored and the two factors set equal to 0 to solve for x.

cosx—sinx+1=0
cosx—(l-cos’x)+1=0
cosx+cos’x=0

cosx (1+cosx)=0

cosx=0 1+cosx=0
cosx=—1
x=cos }(0)=90, 270 x=cos(-1)=180

These seem like perfectly nice answers, but they're not. Each of these values for x makes the
denominator of the fraction equal to 0 — and you can’t have a 0 in the denominator. And, if
you look at the original equation, the tangent and secant aren’t defined for 90 or 270 degrees,
and the cosecant isn’t defined for 180 degrees. There’s no answer, but that’s an answer.

’5 (S)oiv; f<01:;’ écoin (;?r?jcc - gg;))cc =0 when

1

’6. Solve for x in fanx

0 < x =< 360.

—tanx =0 when
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’7 Solve for x in Siélgs}1+cosx=0when ’8. Solve for x in cot’ x — cscx =1 when
0 <x<360. 0<x=<360.
« Solve for x in 2tanx — sinx =0 when . Solve for x in cscx — 2cosx =0 when
19. Solve for xin 2 inx=0 wh 20. Solve for x i 2 0 wh

0 < x < 360. 0 < x = 360.
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Using the Quadratic Formula

It’s always so nice when a quadratic equation factors and behaves as you're on the
road to a solution. This isn’t always the case. Luckily, though, there’s the quadratic for-
mula to supply the answer — when all else fails. The quadratic formula works on the
general quadratic equation ax’+ bx+ ¢ = 0, and works just as well on trig functions.
The only change is that the x variable will be a function instead.

Use the quadratic formula to solve for x in
cos’x+cosx—1=0 when 0 < x < 360.

x =~ 38 degrees or x = 322 degrees.
The values for the quadratic formula in
this casearea=1,b=1, and c = -1.
Substituting into the quadratic formula,

-1+ /1°-4(1)(-1) =
/ MWD -1+/5 The
2(1) 2
two values you get from this application

"1;‘/3 ~ 618 or

COsSX =

are Cosx =

_1_/3

CcosX = 5 ~ —1.618. The second one

will have to be discarded, because the
cosine has values between -1 and 1, only.
This second equation is impossible.
Solving the first for the value of x,

x =cos™'(.618). Look at the chart of values,
and you see that the angle closest to
having this cosine is 38 degrees. In the
fourth quadrant, the angle with a reference
angle of 38 degrees is a 322-degree angle.
These two angles are the solutions to this
equation.

21.

Use the quadratic formula to solve
sin’x — sinx— 1 =0 when 0 < x < 360.

22.

Use the quadratic formula to solve
tan’x + 3tanx — 2 =0 when 0 < x < 360.



206 Part lll: Trigonometric Identities and Equations

Answers to Problems on Solving Trig Equations

The following are solutions to the practice problems presented earlier in this chapter.

BA Solve for x in 2sin’x — sinx — 1 =0. x = 90, 210, or 330 degrees.

First, factor. Then set each factor equal to 0 and solve for x.

(2sinx+ 1)(sinx—1)=0
2sinx+1=0

sinxz—% sinx—-1=0
= 1
x= sin"(—%) -210,330 o
x=sin"'(1)=90

Solve for x in cos®x — @ cosx =0. x = 30, 90, 270, or 330 degrees.
First, factor. Then set each factor equal to 0 and solve for x.

£

cosx [cosx —5 3
CosX — 5~ = 0

cosx=0
- e
x=cos '(0) =90, 270 COSX = 5=
x= cos"[@]
2
=30, 330

Solve for x in tan’x — 1 =0. x = 45, 135, 225, or 315 degrees.

First, factor. Then set each factor equal to 0 and solve for x.

(tanx—1)(tanx+1)=0

tanx-1=0 tanx+1=0
tanx=1 tanx = -1
x=tan"'(1) x=tan"'(-1)
=45, 225 =135, 315

Solve for x in sec’— 4 =0. x = 30, 150, 210, or 330 degrees.

First, factor. Then set each factor equal to 0 and solve for x.

(secx—2)(secx+2)=0

secx—2=0 secx+2=0
secx=2 secx = —2
x=sec'(2) x=sec'(-2)
=30, 330 =150, 210

Solve for x in 1 + cot’x + 2cscx = 0. x = 210 or 330 degrees.

First, replace the first two terms using the Pythagorean identity. Then set each factor equal to 0
and solve for x.




(1+cot’x)+2cscx=0
csc’x+2cscx=0
cscx (csex+2)=0
cscx=0 cscx+2=0
* cscx=—2
x=csc'(-2)
=210, 330

The first factor didn’t yield an answer, because the cosecant is never equal to 0.

Solve for x in sin2x — cosx = 0. x = 30, 90, 150, or 270 degrees.

Replace the double-angle term using the identity. Then factor cos x out of each term. Set each
factor equal to 0 and solve for x.

2sinxcosx —cosx=0
cosx (2sinx—-1)=0

cosx=0 2sinx-1=0
x=cos'(0) sinxz%
=90, 270 1
X =sin <§>
=30, 150

Solve for x in sin2x = —%. x =105, 165, 275, 345 degrees.

First, solve for 2x. Then find all the angles within fwo revolutions that have that sine. Divide
each angle measure by 2.

2x=sin'1<—%> - 210, 330, 570, 690
_ 210 330 570 690

X=9 2y
=105, 165, 275, 345
, _ /2
Solve for x in cos3x = 5= 15, 105, 135, 225, 255, 345 degrees.
First, solve for 3x. Then find all the angles within three revolutions that have that cosine. Divide
each angle measure by 3.

3x =45, 315, 405, 675, 765, 1035

¥T33073°°3°7°3°73
= 15, 105, 135, 215, 255, 345

Solve for x in sec’2x — sec2x=0. x = 0, 180, 360.

Factor out the sec 2x. Then set each factor equal to 0. The first factor doesn’t yield any solu-
tion, because the value of the secant is never 0.

Solve for 2x. Find all the angles within two revolutions that have a secant of 1. Then divide each
angle measure by 2.

Chapter 13: Solving Trig Equations 20 7




208 Part lll: Trigonometric Identities and Equations

sec2x (sec2x—1)=0
sec2x =0 sec2x—-1=0
* sec2x=1
2x=0, 360, 720
0 360 720

222
=0, 180, 360
Solve for x in 2sin*3x - 3sin3x+ 1 =0. x = 10, 30, 50, 130, 150, 170, 250, 270, 290 degrees.

First, factor and set the two factors equal to 0. Solve for 3x in each. Find the angles within three
revolutions that have that sine. Divide the angle measures by 3.

(2sin3x - 1)(sin3x—-1)=0

2sin3x-1=0
sin3x = % sin3x-1=0
1 sin3x=1
3x= Sin_l(g) 3x:sin"(l)
3x =30, 150, 390, 510, 750, 870 3x =90, 450, 810
x=30 150 390 510 750 870 =90 450 810
3’37333’ 3 3’373
x =10, 50, 130, 170, 250, 290 x =30, 150, 270

Solve for x in csc®x = 8. x = 30 or 150 degrees.
Take the cube root of each side and solve for x.

1/esc®x =4/8

cscx=2
x=csc'(2) =30, 150

Solve for x in tan®*x+1=0. x = 135 or 315 degrees.
Subtract 1 from each side. Then take the cube root of each side and solve for x.
tan’x+1=0

tan®x= -1

tan’x = 3/~1
tanx = -1
x=tan '(-1) =135, 315

Solve for x in 2sinxtanx + tanx — 2 /3 sinx - /3 = 0. x = 60, 210, 240, or 330 degrees.

Factor by grouping. Factor tan x out of the first two terms and /3 out of the second two terms.
Then the common factor is 2 sin x + 1. Factor it out. Set the two factors equal to 0, and solve
for x.
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tanx (2sinx+ 1) - /3(2sinx+1)=0
(2sinx+ 1)(tanx— /§) =0
2sinx+1=0

sinx = _% tanx - /3 =0
] tanx = /3
X = Sil’l_l<—§> x:tan—l(ﬁ)
=210, 330 =60, 240

Solve for x in tanxsecx — 2tanx + secx — 2 = 0. x = 60, 135, 300, or 315 degrees.
Factor tan x out of the first two terms and 1 out of the second two. Then factor out the common
factor sec x - 2, set the factors equal to 0, and solve for x.
tanx (secx—-2)+1(secx—2)=0
(secx—2)(tanx+1)=0

secx—2=0 tanx+1=0
secx=2 tanx = -1
x=sec '(2) x=tan"'(-1)
=60, 300 =135, 315

Solve for x in (;?:;C - g’gg’f{ =0.x =45, 135, 225, or 315 degrees.

First, find a common denominator and subtract the fractions.

cosx cosx _ sinx sinx _,
sinx COSX COSX sinx

cos’x __sin’x _
sinxcosx sinxcosx
cos’x—sin’x _
sinxcosx

The numerator can be replaced using the double-angle identity for the cosine. Then set the
numerator equal to 0, solve for 2x, find all the angles within fwo revolutions with that cosine,
and solve for x.

cos2x __
sinxcosx
cos2x=0

2x = cos™(0) = 90, 270, 450, 630
2= 90 270 450 630

2722 2

=45, 135, 225, 315

The denominator of a fraction cannot equal 0. The variable x cannot represent any angle meas-
ure that would make one of the functions in the denominator equal to 0.
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EA Solve for x in ﬁ —tanx = 0. x = 45, 135, 225, or 315 degrees.

Let tan x be the common denominator. Setting the numerator equal to 0 and factoring, set each
factor equal to 0, and solve for x.

2
1 tanx=0

tanx ~ tanx
1-tan’x _

tanx
(1 -tanx)(1+tanx)=0
1-tanx=0 1+tanx=0
tanx=1 tanx= -1
x=tan"'(1) = 45, 225 x=tan"'(-1) =135, 315

. sinx+1 _
Solve for x in ZEgs— + cosx = 0. x = 90 degrees.

The common denominator is cos x. Add the fractions. Use the Pythagorean identity to change the
cosine term. Factor the quadratic in the numerator. Set each factor equal to 0, and solve for x.

sinx+1  cos’x _ 0

cosx T cosx
sinx+1+cos’x _ 0
COSX =
sinx+1+1-sin*x _ 0
COSX =
2 +sinx —sin’x _ 0
COSX =

2+ sinx—sinx=0
(2+sinx)(1 -sinx) =0

2+sinx=0 1-sinx=0
sinx = -2 sinx=1
* x=sin"'(1)=90

The first factor has no solution, because the sine is never smaller than -1.

BE Solve for x in cot’x — cscx = 1. x = 30, 150, or 270 degrees.

First, set the equation equal to 0. Rewrite the cotangent term using the ratio identity and the
cosecant term using the reciprocal identity. Find a common denominator, and combine the

fractions.
cot?!x—cscx—1=0
cos’x __1 _q_ 0
sinx  sinx
cos’x __1 sinx _, sin’x _
sin’x sinx sinx sin’x

cos’x _ sinx _sin’x _
sinx  sin’x  sin’x
cos’x — sinx —sin’x _
sin®x
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Replace the cosine term, using the Pythagorean identity. Set the numerator equal to 0, factor it,
and set the factors each equal to 0. Solve for x in each.

1 - sin’x - sinx —sin’x _
sin’x
1 - sinx — 2sin*x -0
. 2 -
sin’x
1-sinx—2sin*x=0
(1 -2sinx)(1+sinx)=0
1-2sinx=0

sinx=% 1+sinx=0
sinx= -1

x= sin”(%) - 30, 150
x=sin"'(-1)=270

B Solve for x in 2tanx — sinx = 0. x = 0 or 180 degrees.

Rewrite the tangent using the ratio identity. Find a common denominator; then subtract the
fractions. Set the numerator equal to 0, factor out sin x, and set the two factors equal to 0.
The second factor has no solution, because the cosine is never equal to 2.

2sinx s
Cosx — sinx=0

2sinx _ sinxcosx _

COSX COSX
2sinx — sinxcosx _ 0
COSX =

2sinx - sinxcosx =0
sinx (2-cosx)=0
sinx=0

x=sin"'(0) =0, 180

2—-cosx=0
cosx=2

*
Solve for x in cscx — 2cosx = 0. x = 45 or 225 degrees.

Rewrite the cosecant using the reciprocal identity. Find a common denominator, and subtract
the fractions. Use the double-angle identity for sine to replace the second term in the denomi-
nator. Set the denominator equal to 0, and solve for x.

1 __2cosx _

sinx 1
1  2sinxcosx _ 0
sinx sinx -
1 - 2sinxcosx _,
sinx
l — Sinzx _ 0
sinx
1-sin2x=0
sin2x=1
2x=sin"'(1) = 90, 450
-90 450
X792

=45, 225
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Use the quadratic formula to solve sin’x — sinx — 1 = 0. x is approximately 218 degrees or
322 degrees.

Use the quadratic formula to solve for sin x first. In the formula,a=1, b=-1, and ¢ = -1.

1+ /1—4(1)(—1)_1i/§
T2

sinx = 5(0)

Now solve for x.

+2ﬁ ~ 1.618*

/5

sinx = 1 _2 ~—.618
x=sin"'(-.618) =218, 322

: 1
sinx =

The sine is never greater than 1, so the first value doesn’t work. The angle measures are given
to the nearer degree.

Use the quadratic formula to solve tan’ x + 3tanx — 2 = 0. x is approximately 29, 106, 209, or
286 degrees.

Using the quadratic formula, a = 1, b = 3, and ¢ = -2. Solve for tan x. Then solve for x.

-3+ /9-4(1)(-2) -3+ /17
-T2

tanx = 200
tanx = _3+T/ﬁ ~ 562

x=tan"'(.562) = 29, 209
tanx = _:S_T‘/ﬁ ~ -3.562
x=tan"'(~3.562) = 106, 286




Chapter 14
Revisiting the Triangle with New Laws

In This Chapter
Finding missing parts of triangles with laws of sines and cosines
Determining areas of triangles
Applying triangles to practical problems

F‘le right triangle plays a huge role in trigonometry. It’s used to establish the trigonomet-
ric identities and to solve interesting applications — those where a right angle can be
drawn into the picture. How about the other triangles, though? The oblique triangles —
those that aren’t right (no, they aren’t crazy) are just as useful. The oblique triangles come
with some laws and formulas that make their application possible.

A ground rule for using these oblique triangles is in the naming of their parts. By convention,
the angles are named with capital letters, and the side opposite each angle is named with a
corresponding lowercase letter. Look at Figure 14-1 for the naming that will be used in this
chapter.

Figure 14-1:
The parts of
a triangle c
are named
with corre-
sponding
letters. A . C
|

Using the Law of Sines

The Law of Sines says, basically, that the ratios between the sides and sines of the angles
opposite those sides of a given triangle are the same. Refer to Figure 14-1 and look at this

. sind _ sinB _ sinC a _ b _ ¢
statement of the Law of Sines. == = b - C Sind ~ sinB - sinC"

You can take any pair of ratios within the equation, substitute in the three values that you
know, and solve for the fourth, or unknown value. This law is used to solve for the missing
parts (sides and angles) of a triangle if you know two angles and a side opposite one of them,
or two sides and an angle opposite one of them.
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PLE

Find the three other parts of triangle ABC,
if you know that angle A measures

30 degrees, angle B measures 45 degrees,
and side a measures 10 inches.

Angle C = 105 degrees; side b = 14.14, and
side ¢ = 5.18. The measure of angle C is
determined by just adding the measures of
angles A and B and subtracting from 180.
180 - (30 + 45) = 180 — 75 = 105. To find the
measure of side b, use the Law of Sines
with the proportion involving angle A and
angle B. Even though you have exact values
for these angle measures, use the table

of trig functions and round all answers to
three decimal places.

a __b
sinA sinB
10 __b_
500 .707
10
b=14.14

Now, to find the measure of side ¢, use the
proportion involving angles A and C.

a __c
sinA  sinC
10 __c
500 .259
10
(.259)—'500 =c
c=5.18

The sine of 105 degrees is the same as the
sine of 75 degrees. (Go to Chapter 8 if you
need a review of reference angles.)

1.

Find the three other parts of triangle ABC
if side a = 5, angle A = 45 degrees, and
angle B = 70 degrees.

Find the three other parts of triangle ABC
if side b = 3, angle A = 15 degrees, and
angle C = 60 degrees.
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3. A sledding hill has a slope of 40 degrees on 4. A telephone pole is leaning to the side,
one side and a slope of 20 degrees on the forming an angle of 60 degrees with the
other side (see the figure). The 40-degree ground. A cable is attached to the top of
slope is 100 feet long. How long is the other the pole and anchored 40 feet from the
slope? pole, on the side away from the direction

the pole is leaning (see the figure). The
angle that the cable forms with the ground

. . o
100 feet . is 45 degrees. How tall is the pole?

40 degrees 20 degrees

+ 60 degrees

............

45 degrees
40 feet

Adding the Law of Cosines

The Law of Cosines is used when you have the measures of two sides of a triangle and
the angle between them and need to find one or more of the other measures of the tri-
angle. You can’t use the Law of Sines unless you have a pair made up of an angle and
its opposite side. The Law of Cosines takes care of that shortfall. You can also use this
law when you have all three sides.

a’=b’+c*-2bccosA

The Law of Cosines is: { b*= a’+ ¢’ — 2accosB ;. It says that the square of the measure
c’=a’*+b*-2abcosC

of some side of a triangle is equal to the sum of the squares of the other two sides

minus two times the measures of those two sides times the cosine of the angle oppo-
site that first side. Whew!

The Law of Cosines has three different versions, but they all mean the same thing —
the letters are just different. Essentially, the law solves for the measure of the side
opposite the given angle.
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PLE

Find the measure of the other three parts
of the triangle ABC when a = 4.35, b = 2.37,
and angle C = 29 degrees.

c = 2.55, angle A = 124 degrees, angle B = 27
degrees. First, solve for side c using the
Law of Cosines.

c’=a*+b*-2abcosC
= 4.35%+ 2.37°— 2 (4.35)(2.37) c0s29
=18.9225+5.6169 - 20.619(.8746)

Keep four decimal places until you take the
square root of c. Round c to two places and
the measure of the angle to the nearer
degree.

c*=6.5060
c=2.55

Now that you have c, it would really be
easier to use the Law of Sines to solve for
angle A or angle B, but I want to show you
the application of the Law of Cosines where
you're given three sides. So, to solve for
angle A, find the cosine of A with

a’=b*+c*- 2bccosA
4.35°= 2,37+ 2.55°~ 2(2.37)(2.55) cos A
18.9225=5.6169+ 6.5025 — 12.087cosA
6.8031 = -12.087cosA

_ 68031 _ _
COSA=_75087 = .5628

A=cos'(-5.628)=124

If angle A is 124 degrees, then angle B is
180 — (29 + 124) = 180 - 153 = 27 degrees.

5.

Use the Law of Cosines to find the length of
side c in the triangle ABC if side a = 4, side
b =7, and angle Cis 30 degrees.

Use the Law of Cosines and the Law of
Sines to find the other three parts of the
triangle ABC if side b = 2, side ¢ = 5, and
angle A is 150 degrees.



7.

Use the Law of Cosines to find the meas-
ures of the three angles of the triangle ABC
if side a = 3, side b = 4, and side ¢ = 6.

8.
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Find the length of a lake if, from a point in
the distance, the north end of the lake is
1,300 meters away, the south end of the
lake is 1,000 meters away, and the angle
formed by sighting those two points is

45 degrees (see the figure).

) -~.__1300 meters
45 degreéé:::>

,,—*""1000 meters

On a Little League baseball field, the
pitcher stands 46 feet from home plate (see
the figure). There are 60 feet between the
bases. If the lines between the bases form
a square, how far is the pitcher from first
base? (Hint: The pitcher is not in the middle
of the square.)

10. Asolar panel is to be erected on a roof with

a pitch of 15 degrees (see the figure). It’s to
be attached between a place low on the
roof to the top of 8-foot-high braces. The
braces are attached 10 feet from the lower
points. How long must the solar panel be?
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Dealing with the Ambiguous Case

When something is ambiguous, it can have more than one meaning. The ambiguous
case in solving triangles occurs when there can be more than one angle that works in
the problem. This happens when you have the measures of two sides and an angle not
between those two sides. The sine of 30 degrees and the sine of 150 degrees are the
same value, so, if you come up with a solution that says that sin A = 0.5, which angle
do you choose for A? What you do is pick the answer that fits that particular practical
application and discard the other. The example here shows how there can be two
answers. Figure 14-2 shows the two different triangles that can have a = 4, b = 5, and

angle A = 30 degrees.

Figure 14-2:

ambiguous
case pro-
duces two
different
triangles. A

The

Find the measure of angle Bif a =4, b =5,
and angle A = 30 degrees.

39 degrees or 141 degrees. Using the Law
of Sines to solve for the missing measures,
first solve for the measure of angle B. As
you can see from Figure 14-2, angle B can

either be an acute angle or an obtuse angle.

sind _ sinB
a b
sin30 _ sinB
4 5
5 (52()) =.625=sinB

B=sin"'(.625)=39 or 141

The different choices for the size of angle B
will also affect the length of side c and the
size of angle C.

11.

Find the measure of angle C in triangle ABC
if angle A is 45 degrees, ¢ = 6, and a = 5.

12.

The Leaning Tower of Pisa is 180 feet tall.
It’s leaning away from a point on the ground
that’s 656 feet away (see the figure). The
angle of inclination from that point on the
ground to the top of the tower is 15 degrees.
At what angle is the Leaning Tower leaning?

180 feet

15 degrees a

656 feet
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Investigating the Law of Tangents

The Law of Tangents isn’t used as much as the Law of Sines or the Law of Cosines, but
it’s unique because it uses the tangent function with the angles that are formed by find-
ing the difference and sum of the angles that occur in the particular application. The
Law of Tangents is used in the same situations as the Law of Sines — when you have
two angles and a side opposite one of them. Here is the Law of Tangents:

1
a-b_ tanf(A—B)
atb tan%(A+B)
1
b-c _ tanE(B—C)
btc tan%(B+C)
1
c—a_ tanE(C—A)
T4 tanl(C+A)

Use the Law of Tangents to find the
length of side b in triangle ABC when
angle A = 86 degrees, side a = 20, and
angle B = 40 degrees.

A. b -13. Substitute the given values into the
Law of Tangents. Find the tangents of the
two resulting angles, and divide.

1
a-b_ tan(A-B)
a+b tan%(A—B)

1
20-b _ tan§(86—40)
20+b tan%(86+40)

20-b _ tan23 _
20+b tan63

.2163

Multiply each side by 20 + b. Then distrib-
ute on the right and solve for b.

(20+6)20=0 ~ 9163(20+ b)

20-b=4.326+.2163b
15.674=1.2163b

_15.674 _
b=131es ~ 12887

’3. Use the Law of Tangents to find side b
when angle A = 60 degrees, angle B =
45 degrees, and side a = 6.

’4. Use the Law of Tangents to find side a
when angle A = 10 degrees, angle B = 100
degrees, and side b = 20.
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Finding the Area of a Triangle
the Traditional Way

The best known formula used to find the area of a triangle is A = % bh. The only problem

with it is that you need to know the measure of a side called the base, b, and the meas-
ure of a segment that’s perpendicular to that side drawn to the vertex opposite the
side. This is the height, h. What if you can’t find the height? That’s what the rest of the
sections in this chapter are about. This section, though, will deal with the traditional
formula, and it will incorporate some properties from trigonometry.

Find the area of a right triangle with a 24+ b*= 267
hypotenuse 26 yards long and one leg b2=676=576= 100
24 yards long. b=10
A. A =120 square yards. The two legs of a So the two legs are 24 yards and 10 yards.
right triangle are perpendicular to one Using the formula for the area,
another, so they form the base and the
height. To find the missing leg, use the A= 1 bh
Pythagorean theorem. 2
= 3(10)(24)
=120
15. Find the area of a 30-60-90 right triangle if 16. Find the area of an isosceles right triangle

the shortest side is 6 inches long. if the hypotenuse measures 5 ﬁ feet.
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Flying In with Heron’s Formula

Heron’s formula for finding the area of a triangle requires that you have the measures
of the three sides of the triangle. You don’t need any perpendicular measure across the
inside of the triangle. Let a triangle have sides measuring a, b, and c. Then let s be the
semiperimeter (half the perimeter — add up the sides and divide by 2). Heron’s formula

says that the area of the triangle is: A= /s (s—a)(s—b)(s—c).

Find the area of a triangle with sides meas- Now use that in Heron’s formula:

uring: a =12, b =17, and c = 21. A= /25(25_ 12)(25 - 17)(25 - 21)
A. About 101.98 square units. First find the =/25(13)(8)(4)
semiperimeter. = /10400 ~ 101.98

s=2(12+17+21) = 1(50) =25

17. Find the area of a triangle with sides meas- 18. Find the area of a triangle with sides meas-
uring 7, 24, and 25 yards. uring 3, 8, and 10 inches.
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Finding Area with an Angle Measure

Trigonometry allows you to use another method for finding the area of a triangle.
If you know the measure of two sides of the triangle and the angle between those

two sides, you can use the formula A = %absinC , where a and b are the lengths of the
sides, and C is the angle between them (the angle opposite side c).

_Q. Find the area of the triangle with two of the A. About 47.28 square feet. Using the formula
sides measuring 8 feet and 12 feet with an 1
80-degree angle between them. A= 5(8)(12) sin80
=48(.985)
=47.28
’9. Find the area of the triangle with two sides 20. Find the area of the triangle with two sides
measuring 5 and 8 feet and an angle of measuring 5 and 8 feet and an angle of

30 degrees between them. 150 degrees between them.




Applying Triangles

The Law of Sines, Law of Cosines, and Law of Tangents allow you to find missing sides
and angles in triangles. The various formulas for area provide you with lots of options
for finding area, depending on the information that’s available. What kinds of applica-
tions are there that use these wonderful formulas? You'll see!

Helene stands at the foot of a ladder that
reaches to the top of a large boulder. The
ladder forms a 30-degree angle with the
ground. When Helene walks 50 feet away
from the base of the ladder — away from
the boulder — the angle of elevation from
her feet to the top of the boulder is now
10 degrees. How long is the ladder? (See
the figure.)

50
10 degrees 30 degrees
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About 25 feet long. The angle supplemen-
tary to the 30-degree angle measures

180 - 30 = 150 degrees. To find the measure
of the angle opposite the side measuring
50 feet, 180 — (150 + 10) = 180 - 160 =

20 degrees. Using the Law of Sines,

x __50
sinl0  sin20
x __50
174 342
_ 50 .
X= —.342(.174) =~ 25

21.

Doug has a triangular yard with sides that
measure 100, 200, and 240 yards. He would
like to double the size of the yard in terms
of square yards. If he doubles the lengths
of the sides, will it double the area?

22.

Tom and Don leave the same place and
walk in directions that are 45 degrees
apart. Tom walks 12 feet, and Don walks
20 feet. How far apart are they?
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Answers to Problems on Triangles

The following are solutions to the practice problems presented earlier in this chapter.

BN Find the three other parts of triangle ABC if side a = 5, angle A = 45 degrees, and angle B =
70 degrees. Angle C = 65 degrees, b = 6.6, c = 6.4.

To find the measure of angle C, 180 — (45 + 70) = 180 — 115 = 65. Using the Law of Sines to find b,

_a __b_

sinA  sinB
5 __b

sin45 sin70
5 __ b
707 940

5
b= W(‘%O) ~ 6.6

Rounded to one decimal place, b is about 6.6. Now, using the Law of Sines to find c,

_a __c¢
sind ~ sinC
5 _ ¢
sin45 ~ sin65
5 __c_
.707 ~ .906

__5_ ~
b==2=(.906) ~ 6.4

Rounding to one decimal place, c is about 6.4.

Find the three other parts of triangle ABC if side b = 3, angle A = 15 degrees, and angle C =
60 degrees. Angle B = 105 degrees, a = 0.8, ¢ = 2.7.

To find the measure of angle B, 180 — (15 + 60) = 180 - 75 = 105. Using the Law of Sines to find g,

a __b
sinA  sinB
a __3
sinl5 sin105
_a __3
.259  .966
3

Rounded to one decimal place, a is about 0.8. Now, using the Law of Sines to find c,

_¢ __b_
sinC  sinB
c __3
sin60  sin105
¢ __3
866 .966
3

Rounding to one decimal place, c is about 2.7.
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A sledding hill has a slope of 40 degrees on one side and a slope of 20 degrees on the other side
(see the figure). The 40-degree slope is 100 feet long. How long is the other slope? ~ 188 feet.

Using the Law of Sines,

x __100
sin40  sin20
_x__100
643 342
_ 100 -
xX= —.342(.643) ~ 188

A telephone pole is leaning to the side, forming an angle of 60 degrees with the ground. A cable
is attached to the top of the pole and anchored 40 feet from the pole, on the side away from the
direction the pole is leaning (see the figure). The angle that the cable forms with the ground is
45 degrees. How tall is the pole? = 109 feet.

Using the Law of Sines,

h __40
sin45 sinlb
_h__ 40
707 259
40
X = 2—59(707) ~ 109

Use the Law of Cosines to find the length of side c in the triangle ABC if side a = 4, side b =7,
and angle Cis 30 degrees. = 4 units.

Using the Law of Cosines,
c*=a*+b*-2abcosC
=4*+7°-2(4)(7) cos30
=65-48.496 = 16.504
c =~ 4.06
Use the Law of Cosines and the Law of Sines to find the other three parts of the triangle ABC

if side b = 2, side ¢ = 5, and angle A is 150 degrees. a = 6.8, angle B = 8.5 degrees, angle C =
21.5 degrees.

First, use the Law of Cosines to solve for the length of side a.
a’=b*+c*- 2bccosA

=22+5%-2(2)(5)cos 150

=29-(-1732)=46.32
a=~6.8

Now, use the Law of Sines to solve for angle B.

sinA _ sinB

a b
sin150 _ sinB
6.8 =~ 2
.500 _ sinB
6.8 2
. .500
sinB = W(Z) ~ .147

B=sin"'(.147)=85 or 1715

You have to choose the 8.5-degree angle, because there’s already an obtuse angle in this trian-
gle. This means that angle C is 180 — (150 + 8.5) = 180 — 158.5 = 21.5 degrees.
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Use the Law of Cosines to find the measures of the three angles of the triangle ABC if side a = 3,
side b = 4, and side c = 6. A = 26.4 degrees, B = 36.3 degrees, C = 117.3 degrees.

Use the Law of Cosines to solve for the cosine of angle A — then find angle A.

a’=b*+c*-2bccosA
3*=4"+6"-2(4)(6)cosA
9=52-48cosA
—43=-48cosA

:—ig =cosA, cosA ~ .896

A=cos™'(.896) =264
Using the Law of Cosines to solve for angle B,

b*=a’+ b*- 2accosB
4*=32+6-2(3)(6)cosB
16=45-36cosB

—-29=-36cosB
=29 _ cosB, cosB ~ .806
=3¢ = COsB, cosB ~.

B=cos '(.806) = 36.3
Then angle Cis 180 - (26.4 + 36.3) = 180 — 62.7 = 117.3,

A Find the length of a lake if, from a point in the distance, the north end of the lake is 1,300 meters
away, the south end of the lake is 1,000 meters away, and the angle formed by sighting those
two points is 45 degrees (see the figure). = 2128 meters.

Using the Law of Cosines,

x*=1300°+ 1000% - 2 (1300)(1000) cos 45
= 2,690,000 - (-1,838,478)
=4,528,478

x =~ 2128

A On a Little League baseball field, the pitcher stands 46 feet from home plate (see the figure).
There are 60 feet between the bases. If the lines between the bases form a square, how far is
the pitcher from first base? (Hint: The pitcher is not in the middle of the square.) = 42.6 feet.

The bases form a square, which has 90-degree angles. The angle between the line from home to
the pitcher and the first-base line is 45 degrees. Let x represent the distance from the pitcher to
first base. Then, using the Law of Cosines,

x*=46"+60*—2(46)(60) cos45
=5716-3903
= 1813

X =~ 42.6

B4 A solar panel is to be erected on a roof with a pitch of 15 degrees (see the figure). It’s to be
attached between a place low on the roof to the top of 8-foot-high braces. The braces are
attached 10 feet from the lower points. How long must the solar panel be? A little over 14 feet.
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Angle A is 15 degrees greater than a 90-degree angle, or 105 degrees. Using the Law of Cosines,
x?=8+10°-2(8)(10)cos 105
=164-(-41.4)
=2054
x = 14.3
Find the measure of angle C in triangle ABC if angle A is 45 degrees, c = 6, and a = 5. Either
58 degrees or 122 degrees.

Using the Law of Sines,

sinA _ sinC
a C
sin45 _ sinC
5 6
707 _ sinC
5 6
sinC=-107(6) - 848

C=sin"'(.848) =58 or 122

The Leaning Tower of Pisa is 180 feet tall. It’s leaning away from a point on the ground that’s
656 feet away (see the figure). The angle of inclination from that point on the ground to the
top of the tower is 15 degrees. At what angle is the Leaning Tower leaning? A little more than
4 degrees off vertical.

Let a represent the angle you want and let x represent the angle at the top of the triangle, near
the top of the tower. Then, using the Law of Sines,

sinl5 _ sinx

180 = 656
.259 _ sinx
180 656

. .259
sinx = W(GSG) =.944

x=sin"'(.944) =70.7 or 109.3

x can be either 70.7 degrees or 109.3 degrees. From the figure, I chose 70.7 degrees. To find angle
A, 180 - (70.7 + 15) = 180 — 85.7 = 94.3. This is 94.3 — 90 = 4.3 degrees over from the vertical.

Use the Law of Tangents to find side b when angle A = 60 degrees, angle B = 45 degrees, and side
a=6.b=4.9.

Using the Law of Tangents,
1
a-b_ tani(A—B)
+b 1
a tan5(A+B)

6-b_ tan 1 (60 - 45)
6+0  tan J(60+45)

1
6-b_ tans(5) 135
50 " tan (105 1303

.101

6-b=.101(6+b)
6-b=.606+.101b
5.394 = 1.101b

5394 _
b=1701 49
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Use the Law of Tangents to find side a when angle A = 10 degrees, angle B = 100 degrees, and
side b = 20. a = 3.5.

Using the Law of Tangents,
1

a-20 _ tané(lo -100)

@+20 tan1(10+100)

1
a-20 _ tan5(-90) _ -1
a+20 (110) 1.428

1 -.700
tan 9

a-20=-.700(a+20)
a-20=-T7a-14
1.7a=6

-6 .
a=qi7= 3.5
Find the area of a 30-60-90 right triangle if the shortest side is 6 inches long. = 31.2 square
inches.

If the shortest side is 6 inches long, the other leg is /3 times that or 6 /3 inches long. The area
is A=2(6)(6,/3)=18/3 ~ 31.2.

Find the area of an isosceles right triangle if the hypotenuse measures 5 /2 feet. 12.5 square feet.

The length of the hypotenuse of an isosceles right triangle is /2 times the leg, so the legs meas-
ure 5 feet. The area is %(5)(5) =125.

Find the area of a triangle with sides measuring 7, 24, and 25 yards. 84 square yards.

The semiperimeter is s = %(7 +24+25) = 28. The area is

A= /28(28-7)(28-24)(28 - 25)

- /B(21)(4)(3)
= /7056

=84

Find the area of a triangle with sides measuring 3, 8, and 10 inches. = 9.9 square inches.

The semiperimeter is s = %(3 +8+10) =10.5. The area is

A= /105(10.5-3)(10.5 - 8)(10.5 - 10)
= /10.5(7.5)(2.5)(.5)
=,/98.4375

~9.9

Find the area of the triangle with two sides measuring 5 and 8 feet and an angle of 30 degrees
between them. 10 square feet.

The area is A= 5(5)(8)sin30=20(5) = 10.

Find the area of the triangle with two sides measuring 5 and 8 feet and an angle of 150 degrees
between them. 10 square feet.

The areais A= %(5)(8) sin150=20(.5) = 10. Notice how this is the same area as in problem 21.

The sine of 30 degrees and 150 degrees is the same. The following figure illustrates the two tri-
angles. They have the same area.
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30

5 150

8

Doug has a triangular yard with sides that measure 100, 200, and 240 yards. He would like to
double the size of the yard in terms of square yards. If he doubles the lengths of the sides, will
it double the area? No.

Doug will get much more than twice the area by doubling the sides. This is the effect of multi-
plying the lengths and using square measures. The area of the original yard is found with

Heron’s formula. The semiperimeter is s = %(100 + 200+ 240) = 270. The area is

A = /270(270 - 100)(270 — 200)(270 — 240)
~ 9818

Doubling the sides, the new semiperimeter is s = %( 200+ 400 + 480) = 540 and the new area is

A = /540 (540 — 200)(540 — 400)(540 — 480)
~ 39,271

Tom and Don leave the same place and walk in directions that are 45 degrees apart. Tom walks
12 feet, and Don walks 20 feet. How far apart are they? = 14.3 feet.

Using the Law of Cosines,
x?=12%+20*-2(12)(20) cos45
=544 - 339.41
=204.59
x =143
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Part IV

Graphing the Trigonometric
Functions

The 5th Wave By Rich Tennant
CPGENmT

“He was there a minute ago. T just stepped out
as he was yunning some brig equations in order
to calculate the area of the Bermuda Triangle.”



In this part . . .

Fis part could also be called the EKG: Extra Kindly
Graphs. Graphing the trig functions takes special care
at the onset, but then they’re so very cooperative. The
graphs repeat themselves, so you always know what’s going
on with them. I show you how to find the points of reference
for each graph, and then you see how to sketch in the rest
of the graph from them. I introduce you to the world of
asymptotes — those lines that aren’t really there. You'll
see how this all fits together to draw an accurate graph.




Chapter 15
Graphing Sine and Cosine

In This Chapter

Plotting graphs of sine and cosine by special points
Incorporating changes in the graphs

Using graphs of sine and cosine in real life

rle graphs of the sine and cosine functions are used extensively to model what goes on
every day, every week, and every year. These functions are periodic. They repeat their
values over and over, in predictable periods of time. Seasonal sales, temperatures, moon
phases, and other phenomena are illustrated by some version of the sine or cosine function.

The graphs of the sine and cosine functions look like waves moving across the page (see
Figure 15-1). The details involved in these graphs are covered in the sections in this chapter.

ANRANY ANV G
—_— VARV RV

Figure 15-1:
Graphs of
y=sin xand —+ —+
y=cos X.

The graphs in Figure 15-1 are shown on the coordinate system, with each tick mark on the
Xx-axis representing % units. That’s about 1.57 units in the real-number system, and it’s equal
to 90 degrees. Graphs of the trig functions in this chapter use these multiples of & on the

horizontal axis. This way, both the x and y axes are using the same number system —
the real numbers.

Determining Intercepts and Extreme Values

The x-intercepts of a function are the points at which the function crosses the x-axis. The coor-
dinates of these points look like (1,0) or (-=2,0). The y-coordinate is always 0. The y-intercept is
the place where the function crosses the y-axis. There’s only one y-intercept for any function
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(that’s part of its definition). The coordinate always has an x-value that’s 0. Graphing the
trig functions requires that you know where the intercepts are.

Extreme values of the sine and cosine functions are where they’re the highest or
lowest. The sine and cosine functions are periodic, so these highs and lows will occur
over and over in a regular, predictable pattern. The functions y = sin x and y = cos x
have extreme values wheny=1ory=-1.

What are the x-intercepts and points where A. The x-intercepts shown in the figure are
there are extreme values of the function (-2m, 0), (-, 0), and (0, 0). The extreme
y = sin x between -2n and 0? Refer to

Figure 15-1. values are at (—% —1) and (—3—“ 1>,

1. Use Figure 15-1 to determine the x-intercepts 2. Use Figure 15-1 to determine the x-intercepts
of y = sin x between 0 and 2. of y = cos x between -2 and 0.
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3. Use Figure 15-1 to determine the extreme 4. Use Figure 15-1 to determine the extreme
points of y = sin x between 0 and 2m. points of y = cos x between 0 and 2m.

Graphing the Basic Sine and Cosine Curves

The graphs of the sine and cosine curves are already done for you in Figure 5-1, but
the technique outlined here is used when graphing any variation on either of these
functions. Use the following procedure when graphing these functions:

1. Draw x and y axes, marking the x axis with tick marks that are a multiple of ©
and the y axis with integers to fit the problem.

2. Determine all x-intercepts by solving an equation such as x = sin™'(0) or
x = cos™'(0) for all x-values in the interval you're graphing.

. Graph the intercepts.
. Determine the y-intercept by letting x = 0 and solving for y in the equation.

. Graph the y-intercept.

S U1 e W

. Determine where the extreme values are by solving an equation such as
x = sin”'(x1) or x = cos™'(£1) for all x-values in the interval you’re graphing.

7. Graph those values.

. Sketch in the curve.

Graph y = sin x between x = 2n and x = 4.

A. To find the x-intercepts, solve x = sin”'(0)

to get x = 2r or 3n or 4n. There’s no 11 y=sinx
y-intercept here, because the y-axis isn’t /\
in that interval. The function is equal to — 213 } 3n } an/

lat x= 5775 and -1 at x= 77n The graph is

shown in the figure.
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5.  Sketch the graph of y = sin x between -2n 0. Sketch the graph of y = cos x between
and 3. 0 and 4m.

Changing the Amplitude

The amplitude of the sine and cosine function is a number telling how much it deviates
from the average value or middle value. In the graphs of y = sin x and y = cos x, the
amplitude is 1, because each of these curves has a maximum y value of 1 and a mini-
mum y value of —-1. The deviation from the average or middle value (0) is 1 in either
direction. You can tell what the amplitude is by looking at the coefficient (multiplier) of
sin x or cos x in the equation. The amplitude of y = 5sin x is 5; the graph goes to a high
of 5 and a low of -5.

Sketch the graph of y = 2sin x.

S

Sketch the graph of y = —% COSX.

>~

Notice that, where the extreme values used The amplitude is %. The negative in front
to be 1 or -1, they’re now 2 or -2. The of the coefficient doesn’t really affect the
graph is shown in the figure. amplitude. Just think of the amplitude as
being the absolute value of that number.
The negative part just changes where the
1 maximum and minimum values occur. The
graph is shown in the figure.
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7. Sketchthe graph of y = 3sin x. 8.  Sketch the graph of y = 4cos x.

9.  Sketch the graph of y = —2cos x. 10. Sketch the graph of y= %sinx.
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Adjusting the Period of the Curves

The period of a trig function is how long it takes for the function to move through all its
values and start all over again. The period for both the sine and cosine functions is 2x.

The sine function starts at 0 when x = 0, goes up to 1 when x = 90 degrees or %, goes

back down to 0 at x = &, goes down further to -1 at x = STE, and comes back up to 0 at

x = 2n. Then it starts all over again.

If you’re going to use the sine and cosine functions to model what goes on in real

life — such as the temperatures during the day — you need a period that’s longer than
2r (about 6.28). You need the sine curve to have a period of 24 for the hours in a day.
The period of the sine and cosine can be changed by putting a coefficient or multiplier
on the angle variable. For instance, the graph of y = sin 2x has a period of just &, and

the graph of y = cos% x has a period of 6n. You determine the period by dividing 2n

(the normal period) by the coefficient.

Determine the period and graph y = sin 2x.

A. The period is w, because when you divide
2w by 2, 2775 =m. It takes just 7, or half the /\ /‘\ /’\ /\
time, for the function to go through a com-

plete cycle. The graph is shown in the / \/ \/n \/Zn
figure. -

11. Find the period of y = sin 4x. 12. Find the period of y= cos% X.
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’3 Find the period of y = -3cos 3x, and graph Tﬂ Find the period of y = —% sin% x, and
the curve. graph the curve.

Graphing from the Standard Equation

The standard equations for the sine and cosine functions are: y = Asin(Bx+ C)+ D and
y=Acos(Bx+ C)+D. When the equations are written in this form, you can determine
the amplitude, period, shift left or right, and shift up or down. A represents the ampli-
tude; B is the value you divide 2r by to get the period. (For more on either of these,
refer to “Graphing the Basic Sine and Cosine Curves,” earlier in this chapter.) C helps
you find out how far to the left or right you shift the graph. You first divide the C by B,
and then you shift that much to the left if it’s positive and to the right if it’s negative. D
is the shift up or down — positive is that much up, and negative is that much down.

I've put in y = 3, to show you the middle or

Use the standard equation to graph
average value.

y=4sin(2x-m) + 3.

A.  Whew! This one is packed full of adjust- -
ments. The amplitude is 4. The graph will .
go 4 units above and below the average or I

middle value, which is 3. Where did the 3
come from? That’s the shift up, denoted by
the 3 added at the end. The period is T,

because you divide the usual 2n by 2. You i
get twice as much graph as there usually is A A R O
in that interval. The shift is % to the right, \/ \/ \/  =\/ 2nl

dividing the &t by 2. The figure shows what
it looks like, all put together. Notice that
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15. Identify the amplitude, period, shift left or 16. Identify the amplitude, period, shift left or
right, and shift up or down, and then sketch right, and shift up or down, and then sketch

a graph of the function y = 3sin 2x. a graph of the function y = sin ( x+ %)

17. Identify the amplitude, period, shift left 18. Identify the amplitude, period, shift left or
or right, and shift up or down, and right, and shift up or down, and then sketch
then sketch a graph of the function

5 3 a graph of the function y = —% sin3x.
y=-2cos x + 3.




’9 Identify the amplitude, period, shift left or

right, and shift up or down, and then sketch
a graph of the function y = sin(% x) -1
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20. Identify the amplitude, period, shift left or
right, and shift up or down, and then sketch
a graph of the function y = 5cos 2x + 2.

Applying the Sine and Cosine Curves to Life

[ keep talking about how the sine and cosine curves can model what goes on in real
life. Now’s the time to come through and show you an example.

The temperature in a refrigerator doesn’t
stay the same — even when you keep the
door closed. The compressor comes on to
cool it down, whenever the temperature
gets too high inside. Here’s a sine curve
that models the temperature in a particular
refrigerator: y = 2.6 sin (0.1x - 0.5) + 35,
where the temperature is in degrees
Fahrenheit, and x is the number of minutes.
What is the average temperature? How
high does it rise, and how low does the
temperature fall? How often does the
compressor work?

First, look at the graph of this model,
shown in the figure. This graph shows you
how the temperature stays within a certain
range — between 37.6 degrees and 32.4
degrees — the high and low. How do you
get that range? The average temperature

is 35 degrees. So you add and subtract the

amplitude, 2.6, from that average to get the
high and the low. The amount of time it
takes to go through a complete cycle is its
period. And the period is found by dividing
2n by 0.1, which comes out to be about
62.8 minutes — a little over one hour. The
shift to the right is 5 minutes (divide 0.5

by 0.1), which means that the cycle starts
5 minutes after the beginning of the hour.

35

60
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21. The number of hours of daylight in a 22. The time that the sun rises can be modeled
particular city can be modeled by by T = 40sin (0.524x + 1.53) + 1.75 where
H = 2.5sin (0.02x — 1.28) +12, where H is T is the number of minutes before or after
the number of hours and x is the number 6 am, and x is the month (January = 1,
of days since January 1. What is the aver- February = 2, and so on). To use this, if
age number of hours of daylight? What is T = -3, that corresponds to 3 minutes before
the most daylight and the least? What is 6 a.m. or 5:57 a.m. On average, what time
the period (how long is this cycle)? does the sun rise? What is the earliest and

latest that it rises? How long is this cycle?

2 3 The sale of a particular brand of 2 4 The average daily temperature in a
soccer shoe is seasonal. The sales, in Midwestern city can be found with
millions of dollars, can be modeled by T = 26sin (0.017x - 1.9) + 48, where T is in
M = 2.4sin (0.524x - 0.942) + 3.3, where degrees Fahrenheit, and x is the day of the
x is the month of the year. What are year (January 1 = 1, February = 2, and so
the highest and lowest levels of sales? on). What is the highest average tempera-
What is the average? ture? What is the lowest average tempera-

ture? What is the length of this cycle?
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Answers to Problems on Graphing
Sine and Cosine

The following are solutions to the practice problems presented earlier in this chapter.

BB Use Figure 15-1 to determine the x-intercepts of y = sin x between 0 and 2r. The intercepts are
0,0), (x,0), and (2=,0).

Use Figure 15-1 to determine the x-intercepts of y = cos x between -2n and 0. The intercepts are
(-%.0) and (-3%,0).

Use Figure 15-1 to determine the extreme points of y = sin x between 0 and 2n. The points are

(3.1) and (3, -1).

Use Figure 15-1 to determine the extreme points of y = cos x between 0 and 2r. The points are

©,1), (r,-1), and (2x,1).

E

22| Sketch the graph of y = sin x between —2r and 3n. See the following figure.

AWAWA
FPA) A

A Sketch the graph of y = cos x between 0 and 4r. See the following figure.
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Sketch the graph of y = 3sin x. See the following figure.

The amplitude is 3, so the graph goes from a low of -3 to a high of 3.

[El  Sketch the graph of y = 4cos x. See the following figure.

The amplitude is 4, so there’s a low of —4 and a high of 4.

\

Al Sketch the graph of y = —2cos x. See the following figure.

The -2 flips things over. The high is still 2 and the low is still -2, but the highs and lows are in
the opposite positions as they are when the coefficient is positive.
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B4 Sketch the graph of y= % sinx. See the following figure.

This fractional multiplier makes the graph shrink.

—21:.—75. .n.21c/

B} Find the period of y = sin 4x. The period is %

You get this by dividing 2r by 4.

Find the period of y = cos% x. The period is 4.
You get this when you divide 2r by .

Find the period of y = -3cos 3x, and graph the curve. The period is 2?"; see the following figure.

You get three complete curves where there’s usually only one. The amplitude is 3, so it’s going
to go from -3 to 3.

Find the period of y = -1 sinl x, and graph the curve. The period is 4x; see the following

figure. 472

It takes much longer to go through a complete cycle. The amplitude is pretty small, too.
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Identify the amplitude, period, shift left or right, and shift up or down, and then sketch a graph
of the function y = 3sin 2x. The amplitude is 3; the period is =; this doesn’t shift left, right, up,

or down,; see the following figure.
3./\ A
b3 2m

FA I1dentify the amplitude, period, shift left or right, and shift up or down, and then sketch a graph
of the function y = sin(x + %) The amplitude is 1; the period is 2x; there’s a shift of % to the

21 -

left, and no other shift; see the following figure.

An identity involving the sine is illustrated by this graph; this is also the graph of the cosine.

AN\A
ST

Identify the amplitude, period, shift left or right, and shift up or down, and then sketch a graph
of the function y = -2cos x + 3. The amplitude is 2; the period doesn’t change — it’s 2x; there’s
a shift upward of 3 units, but no other shift; see the following figure.

ARYA
VARV ARV

-21 - T 2n
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Identify the amplitude, period, shift left or right, and shift up or down and then sketch a graph

of the function y = —% sin3x. The amplitude is ’; the period is 5*; there are no shifts; see the

following figure. 3

ANVAN A JANE/ANAY::
s YAAVE VAAVAAVIRV

Identify the amplitude, period, shift left or right, and shift up or down, and then sketch a graph
of the function y = sin(% x) — 1. The amplitude hasn’t changed — it’s 1; the period is 4x;
there’s a shift downward by 1; see the following figure.

Identify the amplitude, period, shift left or right, and shift up or down, and then sketch a graph
of the function y = 5cos 2x +2. The amplitude is 5; the period is 7; the only shift is 2 units
upward; see the following figure.
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The number of hours of daylight in a particular city can be modeled by H = 2.5sin (0.02x — 1.28) + 12,
where H is the number of hours and x is the number of days since January 1. What is the aver-
age number of hours of daylight? What is the most daylight and the least? What is the period
(how long is this cycle)? The average number of hours of daylight is 12. The most daylight is
14.5 hours, and the least daylight is 9.5 hours. The period is about 314 days.

The average number of hours is 12; that comes from the 12 at the end of the equation. The
most daylight is 12 + 2.5 = 14.5, and the least amount is 12 - 2.5 = 9.5. You get the period by
dividing 2n by 0.02, to arrive at about 314.

The time that the sun rises can be modeled by T = 40sin (0.524x + 1.53) + 1.75 where T is the
number of minutes before or after 6 am, and x is the month (January = 1, February = 2, and so
on). To use this, if T = -3, that corresponds to 3 minutes before 6 a.m. or 5:57 a.m. On average,
what time does the sun rise? What is the earliest and latest that it rises? How long is this cycle?
On average, the sun rises at about 6:02 a.m. The earliest it rises is 5:22 a.m., and the latest it
rises is 6:42 a.m. The cycle is 12 months.

You get the average sunrise by adding 1.75 minutes to 6 a.m., to get about 6:02 a.m. The earliest
it rises is 40 minutes before the average, or 5:22 a.m. The latest is 40 minutes after the average,
or 6:42 a.m. The cycle is determined by dividing 2n by 0.524.

The sale of a particular brand of soccer shoe is seasonal. The sales, in millions of dollars, can
be modeled by M = 2.4sin (0.524x — 0.942) + 3.3, where x is the month of the year. What are the
highest and lowest levels of sales? What is the average? The highest level of sale is $5.7 mil-
lion, and the lowest level is $900,000 (or $0.9 million). The average is $3.3 million.

To get the amount of the highest level, add 3.3 + 2.4. This is the average value plus the ampli-
tude. The average value is that constant amount at the end of the equation.

The average daily temperature in a Midwestern city can be found with T = 26sin (0.017x - 1.9) + 48,
where T'is in degrees Fahrenheit, and x is the day of the year (January 1 = 1, February = 2, and
so on). What is the highest average temperature? What is the lowest average temperature?
What is the length of this cycle? The highest average temperature is 74 degrees, and the
lowest is 22 degrees. The length of this cycle is about 370 days.

You get the high by adding 48 + 26, the average temperature of 48 plus the amplitude of 26; the
lowest value is 48 — 26. Then, to get the length of the cycle, divide 2 by 0.017.




Chapter 16
Graphing Tangent and Cotangent

In This Chapter

Drawing in vertical asymptotes

Sketching tangent and cotangent

Fe graphs of the tangent and cotangent functions are very similar. They look like
flattened-out S-shaped curves. The main differences are that one graph moves upward
from left to right, while the other moves downward, and that they have different intercepts.
Graphing these curves just takes knowing how to recognize these two characteristics and
then fitting the graphs to them.

Establishing Vertical Asymptotes

The tangent and cotangent functions are not defined for all real numbers. Each can be writ-
ten as a ratio (a fraction) of the sine and cosine. Because of this, when the sine or cosine is
equal to zero and in the denominator of that ratio, an undefined value occurs. The way this is
shown in the graph of the function is to sketch in a vertical asymptote. A vertical asymptote
isn’t a part of any graph. It’s a line that’s drawn in with dots or dashes to show where it is but
indicate that it’s just there for help in drawing. Asymptotes, in general, help with the shape of
a curve when you're drawing it in.

The vertical asymptotes for y = tan x occur when the cosine is equal to 0. That occurs
when x = %; k is some odd integer. This means that they occur for any odd multiple of %

The vertical asymptotes for y = cot x occur when the sine is equal to 0. That happens when
X = kn, or any multiple of . Figure 16-1 shows what the asymptotes look like.

11 iy=tanx 11

— ) J
Figure 16-1:
Asymptotes
for y=tan x
(left) and y= —+ —+
cot x(right).

|
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Name the vertical asymptotes for y = cot x
between x = 0 and x = 2.

The vertical asymptotes are: x = 0, x = 7,
and x = 2x. The sine is 0 for each of these
values.

1. Name all the vertical asymptotes for y =
tan x between x = -3n and x = 3x.

Name all the vertical asymptotes for y =
cot x between x = -3n and x = 3m.

Graphing Tangent and Cotangent

The graphs of the tangent and cotangent function are essentially flattened-out curves
that fit between the vertical asymptotes. The graph of the tangent function moves
upward as you move from left to right. It crosses the x-axis halfway between the
asymptotes. The same curve keeps repeating over and over. The graph of the cotangent
function moves downward as you move from left to right. It also crosses the x-axis
halfway between its asymptotes. In Figures 16-2 and 16-3, I've drawn in one piece of the
graph of each. You get to draw in more of the graphs in the exercises in this section.

Figure 16-2:
Graph of the
tangent
function

between
—% and %

21
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Figure 16-3:
The graph of
y=cotx
where
0<x=<m.

Draw the asymptotes and graph of y = cot x A. Referto Figure 16-3 for the asymptotes and
between x = 0 and x = 7. graph.

3. Sketch the graph of y = tan x from x = -3n 4. Sketch the graph of y = cot x from x = -3n
to x = 3m. to x = 3m.
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Altering the Basic Curves

The graphs of the tangent and cotangent can be changed in many ways — most of which
are covered in Chapter 18. For this section, though, I concentrate on the ways that the
functions can be changed — and their graphs can be changed — that make the graphs

appear to be the same (have equal values). Identities such as sin (x + % =CcosXx

confirm that the graph of one function can be equal to another. In Chapter 15, you find

that y= sin(x + %) means to move the graph of the sine to the left by % units. Adding

or subtracting values from the variable in tangent and cotangent curves has the same
effect.

Graph y = tan (x + ). What function has the
same graph?

A. It's the same as y = tan x. Moving the graph 11
7 units to the left results in the asymptotes
falling onto one another and the intercepts Zé
|

lying on top of one another. It’s the same
graph. You can see this in the figure.

5.  Sketchthe graph of y = tan (x — ). What 0. Sketch the graph of y = cot (x + 2m). What
function has the same graph? function has the same graph?
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Answers to Problems on Graphing
Tangent and Cotangent

The following are solutions to the practice problems presented earlier in this chapter.

Name all the vertical asymptotes for y = tan x between x = -3n and x = 3x.

.5t . 3 . ®m .. ®m . _3m __5%
x= 2,x— 2,x— 2,x—z,x—z,x—z.

The asymptotes are all odd multiples of %

Name all the vertical asymptotes for y = cot x between x = -3n and x = 3n. x = -3%, x = -2m,
x=-n,x=0,x=mx=2mx = 3.

The asymptotes are all multiples of «.

Sketch the graph of y = tan x from x = -3n to x = 3n. See the following figure.

N

/375 2n: /. | b4 i i

Sketch the graph of y = cot x from x = 37 to x = 3n. See the following figure.




254 Part IV: Graphing the Trigonometric Functions

Sketch the graph of y = tan (x — ©). What function has the same graph? See the following figure;
the graph of y = tan x is the same as this graph.

The tangent has a period of &, and this shift to the right is exactly r in length. The graph of one
falls on top of the other (see the following figure).

L3ni foni fn

a
4
a

A Sketch the graph of y = cot (x + 2r). What function has the same graph? See the following
figure; the graph of y = cot x is the same as this graph.

The cotangent has a period of &. This shift to the left is twice that, so the graph of one falls on
top of the other (see the following figure).
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Graphing Cosecant, Secant, and
Inverse Trig Functions

In This Chapter

Graphing secant and cosecant
Relating functions to reciprocals

Graphing inverse trig functions

Fle secant and cosecant functions are reciprocals of the cosine and sine functions,
respectively. Their graphs don’t look anything like their reciprocals, but the graphs of
the sine and cosine are very helpful when doing the graphing of the cosecant and secant.
There are asymptotes to consider in these graphs, as with the tangent and cotangent. But
there are no x-intercepts to help with the graphing.

Determining the Vertical Asymptotes

Vertical asymptotes (sort of “ghost” lines that help with graphing) indicate where the function
isn’t defined. They're lines drawn in to help when sketching the graph of a curve. The verti-
cal asymptotes for the cosecant occur when the sine function is equal to 0. The cosecant is
the reciprocal of the sine, putting the sine in the denominator of the equivalence. You can’t
have a 0 in the denominator. The sine is 0 for all multiples of &, so that’s where the vertical
asymptotes of the cosecant are: x = kn (where k is any integer).

The vertical asymptotes for the secant occur where the cosine is equal to 0. Their equations
are: x = %, where & is an odd integer.

Sketch a graph showing the vertical asymp-
totes for y = sec x from x = -2w to x = 2m.

A.  Your answer should look like what you see 11
in the figure.
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éﬁ&PLE

1.

Give the equations of the asymptotes for
y = csc x from -3r to 3n.

2.

Give the equations of the asymptotes for

y = sec x from -3r to 3.

Graphing Cosecant and Secant

Graphing the cosecant and secant functions is a two-step process. First, sketch in

the asymptotes for the function, and then lightly sketch in the reciprocal function for
whichever you're graphing. The extreme values of the reciprocal functions will be the
tops and bottoms of the curves you draw in for secant and cosecant.

Sketch the graph of y = sec x between
x =21 and x = 4m.

The top figure shows the final answer

for this graph. Look at the bottom figure
for the steps needed to sketch the graph.
Showing the first two steps, the graph on
the left in the bottom figure shows the
asymptotes on that interval. Then the
graph in the middle shows the cosine func-
tion sketched in lightly between those
asymptotes. The final step is the graph
of the secant, shown on the right, drawn
down to the cosine or up to the cosine
between the asymptotes.

2n

4n

mi2n

4m

2n

2n

4m
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3. Sketch the graph of y = sec x from x = -2n 4. Sketch the graph of y = csc x from x = -2n
to x = 2m. to x = 2m.

Making Changes to the Graphs
of Cosecant and Secant

The graphs of the cosecant and secant functions look very much alike. The things that
make them different from one another are where the asymptotes and extreme points
are. Just as there are identities and shifts that can change from sine to cosine or vice
versa, the same type of changing can be done with the cosecant and secant.

Graph y = sec x and y:csc<x+ %).What -
is true of the graphs? |y =sec

A. These are the same graph, as shown in the

figure. Moving the graph of y = csc x to [
the left by % units makes it coincide with I
Yy = sec X. -




258 Part IV: Graphing the Trigonometric Functions

5. Sketch the graph of y = sec (x + 21). What 6. Sketch the graph of y= csc<x+ 3%) What
do you observe? do you observe?

Analyzing the Graphs of
the Inverse Trig Functions

The inverse trig functions have domains that consist of all the output values of their
corresponding inverses and ranges that consist of angle measures that come from
two of the four quadrants. For instance, y=Sin"' x has input values between -1 and 1,
including -1 and 1, because those are the values that y = sin x produces. The output
values of this inverse function are angles from Quadrant I and Quadrant IV. There’s
only one output for each input — as is befitting a function. The graphs of the inverse
trig functions are pretty stunted. They don’t go on and on as their counterparts —
their inverses — do.

Consider the graph of y=Sin™'x in the A. The range, or y values, goes from a low of
figure. Using the graph and the radian ~Z to a high of . The — & is the same as
measures, give the output values or range 2 3 2 2

of the function. an angle of 7“ Refer to Chapter 3 for infor-

mation on negative angles and their positive
counterparts.

tTt/2

r—T/2
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7. Consider the graph of y=Cos™'x in the 8. Consider the graph of y=Tan'x in the
figure. Using the graph and the given meas- figure. Using the graph and the given meas-
ures, give the input values (domain) and ures, give the input values (domain) and
output values (range) of the function. output values (range) of the function.

/2
LT
/2 ;
1
7 i 2

9. Consider the graph of y=Cot 'x in the 10. Consider the graph of y =Sec™'x in the
figure. Using the graph and the given meas- figure. Using the graph and the given meas-
ures, give the input values (domain) and ures, give the input values (domain) and
output values (range) of the function. output values (range) of the function.

T T
/2
1
' -1 1
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11. Consider the graph of y=Csc™'x in the 12. Lookat all the figures in this section,
figure. Using the graph and the given meas- including the figure shown in the example
ures, give the input values (domain) and question. Which have the same ranges
output values (range) of the function. (y-values)?

/2

—7/2
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Answers to Problems on Cosecant, Secant,
and Inverse Trig Functions

The following are solutions to the practice problems presented earlier in this chapter.

B Give the equations of the asymptotes for y = csc x from -3x to 3n. x = =371, x = 2%, x = —m, x = 0,
xX=7,x=2x, x =37

The asymptotes occur where the sine is equal to 0 — at multiples of .

Give the equations of the asymptotes for y = sec x from —-3r to 3.
5n 3n T T 3 57

x= —7, xX= —7, X = —E, .X‘ZE, xZT, x=?.
The asymptotes occur where the cosine is equal to 0 — at odd multiples of %

Sketch the graph of y = sec x from x = -2r to x = 2r. See the following figure.

¥=secx

Sketch the graph of y = csc x from x = -2 to x = 27 See the following figure.

y=cstx

Sketch the graph of y = sec (x + 2r). What do you observe? See the following figure.

This is the same as the graph of y = sec x. The period of the secant function is 2x, so this graph
is moved on top of the original, because it moves 2r units to the left.
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Sketch the graph of y=csc (x + 377‘) What do you observe? See the following figure.

This graph has the same asymptotes as the graph of y = sec x, but it isn’t the graph of the secant.
This graph is actually the secant moved & units to the right, so it is equivalent to y = sec (x - n).

Consider the graph of y=Cos™' x in the figure. Using the graph and the given measures, give
the input values (domain) and output values (range) of the function. The domain of the
inverse cosine consists of all the numbers between -1 and 1, including those two values.
The range consists of all the numbers between 0 and =, including those two values.

Consider the graph of y=Tan ' x in the figure. Using the graph and the given measures, give the
input values (domain) and output values (range) of the function. The domain of the inverse tan-

gent consists of all real numbers — it goes from negative infinity to positive infinity. The
range consist of the numbers between —% and %, but it doesn’t include those two values.
Consider the graph of y=Cot ' x in the figure. Using the graph and the given measures, give the
input values (domain) and output values (range) of the function. The domain of the inverse
cotangent consists of all real numbers — it goes from negative infinity to positive infinity.

The range consist of the numbers between 0 and =, but it doesn’t include those two values.

Consider the graph of y=Sec™' x in the figure. Using the graph and the given measures, give
the input values (domain) and output values (range) of the function. The domain of the
inverse secant consists of all numbers smaller than -1, including -1, and all numbers larger

than 1, including 1. The range consists of the numbers between 0 and =, excluding %

Consider the graph of y=Csc™'x in the figure. Using the graph and the given measures, give the
input values (domain) and output values (range) of the function. The domain of the inverse
cosecant consists of all numbers smaller than -1, including -1, and all numbers larger than 1,

including 1. The range consists of the numbers between -% and %, excluding 0.

Look at all the figures in this section, including the figure shown in the example question.

Which have the same ranges (y-values)? None of the inverse trig functions has exactly the
same range as any of the others, although they share many of the same angles.

The inverse sine, inverse cosecant, and inverse tangent all have ranges including angles in
Quadrants I and IV. The range of the inverse sine includes all the angles whose terminal sides
are on the axes in those quadrants; the inverse cosecant doesn’t include an angle of 0, and the

inverse tangent doesn’t include the angles of 90 or 270 degrees (% or —%). The inverse cosine,

inverse secant, and inverse cotangent all have ranges including angles in Quadrants [ and II.
The range of the inverse cosine includes all the angles whose terminal sides are on the axes in

those quadrants. The inverse secant doesn’t include the 90-degree angle (%), and the inverse
cotangent doesn’t include the 0- or 180-degree angles (0 and r).
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Transtorming Graphs of Trig Functions

In This Chapter

Sliding graphs all over the place
Reflecting over axes

Combining transformations

A 1l sorts of transformations can be performed on the graphs of functions. In Chapter 15,
you can read about how to make the graphs of sine and cosine slide all over the place
or get taller. In Chapters 16 and 17, you can see how a phase change (changing the starting
place) can happen when numbers are added to the angle variable. In this chapter, all the
possible transformations that are performed on all the trig functions are put into one, neat
package and related to the functions in general. Also, you’ll see what happens when a for-
eign function is introduced — when a polynomial is added to a trig function.

Sliding the Graphs Left or Right

The function transformation called a slide or translation moves a function around the coordi-
nate axes without changing the shape. It can change where the function has intercepts or
where it starts its cycle (in the case of these trig functions). The transformations that slide the
functions left have the form f (x + k) and those that slide the functions to the right have the
form f (x — k), where k is some positive value and fis whatever function is being transformed.

Sketch the graph of y= COt(X - %)

This transformation slides the cotangent
function to the right by Z units. This means 11
that the asymptotes move that amount, \
also. Instead of the cotangent’s usual
asymptotes at x = -m, x = 0, x = 7, x = 2x, and
so on, they’re all moved to the right and

_._mx ._m . _3n __57
are now x = 2,x— 2,x— 2,x— 5 -

The figure is a sketch of the graph.
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1. Sketchthe graph of y= tan(x— %) 2. Sketch the graph of y= cot<x+ %)

Sliding the Graphs Up or Down

The previous section shows you the translations or slides that move a function to the
left or right. The other type of slide moves the graph up or down. The transformations
that slide the functions up have the form f (x) + k&, and those that slide the functions
down have the form f(x) — k, where k is some positive value. The best way to graph
these — or to determine that the transformation has occurred — is to look for a spe-
cial or identifiable place on the graph. In the case of the tangent and cotangent, look
for where that flattening-out place is. Has it moved up or down? And, in the case of the
cosecant and secant, look for the tops and bottoms of the curves. Where are they
now? The upward and downward movements of the sine and cosine functions are dis-
cussed in Chapter 15, if you need to refer to them.

Q. What transformation has been performed A. The graph has dropped by 2 units. Instead
on the graph of y = csc x, as shown in the of having the bottoms of the upper curves
figure? at y = 1 and the tops of the lower curves at

y =-1, they’re at -1 and -3, respectively.
The transformation is represented by the
equation y = csc x - 2.

—

VRSVl




3.

Determine the transformation that has
been performed on the graph of y = sec x

(see the figure).

Jo\

)

v
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(see the figure).

4. Determine the transformation that has
been performed on the graph of y = tan x

5.

Determine the transformation that has
been performed on the graph of y = cot x

(see the figure).

—T

27

(see the figure).

=

0. Determine the transformation that has
been performed on the graph of y = csc x

—T

2n
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Changing the Steepness

The steepness, or slope, of a function is changed by multiplying the function by a
number. Multiplying by a number greater than 1 (or less than —-1) makes the curve
steeper — it rises or falls more quickly. Multiplying by some proper fraction (a number
between —1 and 1) makes the curve rise or fall more slowly — it’s flatter. And, of
course, you never multiply by 0. That gives you nothing at all. The amplitude of the
sine and cosine curves is covered in Chapter 15. The amplitude is a multiplier, too, and
has the same effect on sine and cosine as the multiplier does on the curves shown in
this section.

1

Sketch the graph of y = 6tan x. Sketch the graph of y = G Cscx.

S

>~

Multiplying by 6 makes the function values The main difference in this curve is with

six times as great. Instead of having a tan- the values close to where the lowest part
gent equaling 1 unit at 45 degrees, it’s now of the upper curve and highest part of the
6 units. As the numbers you multiply by get lower curve are. They flatten out and are
larger, the curve gets steeper and looks closer to the x-axis because of the multi-
less like a tangent (see the figure). plier (see the figure).

/ =21 fn / T 2n ’ = ’ 2L




7. Sketchthe graph of y = 4cot x.
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8.

Sketch the graph of y = %secx.

Reflecting on the Situation — Hovizontally

Another transformation that can be performed on functions is reflecting them over the
x-axis or some other horizontal line. When you see a negative sign in front of the func-
tion rule, as in y = —f(x), every y value that was positive becomes negative and vice
versa. When you see a negative sign in a rule such as y = —f(x)+k, the reflection is over
the line y = k. Graphically, the graph looks like a mirror image above and below the line

it’s reflecting over.

O]

the figure?

Q. What is the function rule for the graph in

-2 - ] T

20

A. Thisisa graph of y = —tan x. The graph of

y = tan x has been reflected over the x-axis.

0.

What is the function rule for the graph in
the figure?

AR

This is the tangent function reflected again.
But this time, it’s been raised by 2 units also.
So it’s been reflected over the line y = 2. The
function equation is y = —tan x + 2.
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9. Determine the function equation for the 10. Determine the function equation for the
graph in the figure using a reflection. graph in the figure.

AA |k
AnAn

Reflecting on Your Position — Vertically

There are two types of reflections in the world of transformations. Reflections over a
horizontal line are covered in the preceding section. The others, covered here, are
reflections over a vertical line — most often the y-axis. The function equation for these
transformations has the variable for the angle negated. You'll see f (=x). Everything
switches sides from left to right and right to left. The functions that are already symmet-
ric with respect to the y-axis (they’re a mirror image on either side) can be reflected,
but you’ll never know it; they reflect back on themselves.

Sketch the graph of y = sin (-x).

y=sin(-x)| y=sinx

In the figure, I've drawn both the sine

and the reflection, so you can see what I
happened.
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11. Sketch the graph of y = tan (—x). 12. Sketch the graph of y = csc (=x).

Putting It All Together

Transformations can be performed on functions that raise, lower, shift left, shift right,
steepen, flatten, and flip it. All of these are described in the sections earlier in this
chapter. For the most part, in those earlier sections, only one transformation has been
applied each time. In this section, [ show you how two or more transformations can
affect the function.

Sketch the graph of y = —% cot(x— %) + 1.

This graph is really loaded. It’s flatter,
because of the fraction multiplier. It’s
flipped over the line y = 1, because of the 1t
negative in front of the % and the added 1. o\
And it’s shifted to the right by % units. The \

figure shows you the end result.
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13. Sketch the graph of y = 3sec x + 2. 14. Sketch the graph of y = %tan<x+ E) +3.

2

Combining Trig Functions with Polynomials

Some of the prettiest (beauty is in the eye of the beholder) graphs are achieved when
you combine two different trig functions or a trig function and a polynomial together.
Graphing calculators come in handy here, but you can also do a good job of combining

these functions by just doing the math yourself and plotting the points.

Sketch the graph of y = x + cos x.

This would make a wonderful bunny slope
for some skiers (see the figure). But, it’s
also a wonderful curve to graph. You start
by finding some points and then connect-
ing them. Make a chart with the x-values,
the values of cos x, and then the sum of

those two (see the chart). The radian
measures are changed to decimals for the
addition. You don’t get a feel for the
smoothness without trying some points
in between the points in the chart, but
the rises and plateaus are completely pre-
dictable with the cosine function having
those values between -1 and 1.
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X -2 -3n/2 -=n -n/2 /2 T 3m/2 2r 5m/2 3n
CoS X 1 0 -1 0 1 0 -1 0 1 0 -1
x+cosx =528 471 -4.14 -1.57 1 1.57 2.14 471 7.28 7.85 8.42

=]

15. Sketch the graph of y = x + 2 sin x. 16. Sketch the graph of y = 3cos x - 2x.
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Answers to Problems on Transforming
Trig Functions

The following are solutions to the practice problems presented earlier in this chapter.

BN Sketch the graph of y= tan(x - %) See the following figure.
The graph of the tangent is moved % units to the right.

Sketch the graph of y= cot(x + %) See the following figure.

The graph of the cotangent is moved % units to the left.

Determine the transformation that has been performed on the graph of y = sec x (see the
figure). This graph is 2 units higher than y = sec x.

Its function equation is y = sec x + 2.
Determine the transformation that has been performed on the graph of y = tan x (see the
figure). This graph is 3 units lower than y = tan x.

Its function equation is y = tan x - 3.
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Determine the transformation that has been performed on the graph of y = cot x (see the
figure). This graph is 1 unit higher than y = cot x.

Look for where there’s the bend in the curve, and see where the new bend is, relative to where
it usually is. Its function equation is y = cot x + 1.

A Determine the transformation that has been performed on the graph of y = csc x (see the
figure). This graph is 1 unit lower than y = csc x.

Its function equation is y = csc x - 1.

Sketch the graph of y = 4cot x. See the following figure.

This is much steeper than y = cot x. The multiplier of 4 is what makes it steeper. Notice, though,
that the intercepts are the same. That’s because 0 times 4 is still 0. The asymptotes stay the
same, too.

A Sketch the graph of y = % secx. See the following figure.

The curve becomes flatter, and the upper and lower portions of the curve come closer to the
Xx-axis.

Al Determine the function equation for the graph in the figure using a reflection. This is the sine
curve reflected over the x-axis. The equation is y = —sin x.

lA Determine the function equation for the graph in the figure. This is the cosecant curve
that’s been dropped by 3 units and then reflected over the line y = -3. The equation is
y=-cscx-3.
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Il Sketch the graph of y = tan (-x). See the following figure.
All the points have switched from right to left of the y-axis.

Sketch the graph of y = csc (-x). See the following figure.
All the points have switched from right to left of the y-axis.

Sketch the graph of y = 3sec x + 2. See the following figure.

There are two factors seeming to operate against one another here. Multiplying by 3 makes the
lower part of the upper curve come down to 3 and the upper part of the lower curve come up
to -3. But then, adding 2 and raising the whole thing by 2 units makes the lower part seem to
come back up where it belongs. There is a new steepness to the curve. The multiplier of 3 does

make it steeper.
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Sketch the graph of y= % tan<x+ %) + 3. See the following figure.

There’s a lot going on here. The curve is raised 3 units; it’s shifted to the left by T units; and
then it’s flattened out by the fractional multiplier. Notice that the asymptotes have shifted with

the curve.

2n

|
a
a

Sketch the graph of y = x + 2 sin x. See the following figure.

By adding function values, you can get a pretty good idea of how this curve is shaping out.

10

B4 Sketch the graph of y = 3cos x — 2x. See the following figure.

Choose enough function values and find their difference to see what this looks like.
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PartV
The Part of Tens

The Sth _\Vave By Rich Tennant
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“When my parents see the grade T got
in trigonometry, they’re going to have
a Pythagorean £it.”



In this part . . .

H ow appropriate it would be to call this part TGIF:
Ten Great and Interesting Footnotes. These chapters

offer the frosting on the cake — what hasn’t been said yet
but now appears to sweeten the product.




Chapter 19
Ten ldentities with a Negative Attitude

In This Chapter

Soothing negative angle identities

Complementing and supplementing angles
Factoring in some positive approaches
Changing the demeanor of angles

Fere are oh-so-many identities. In Part III of this book, you find the most commonly used
identities and see how they can be used to simplify trig expressions and solve trig equa-
tions. Here I list ten identities, three of which you may recognize, and the others of which
crop up in graphing and simplifying situations.

Negative Angle Identities

There are three negative angle identities that tell you what the function of a negative angle is
with respect to the corresponding positive angle. For example, if you want to find the sine of
an angle of —45 degrees, you can find it by just negating the sine of a 45 degree angle that’s
positive. Here are the identities:

sin(—x) = —sinx

cos(—x) = cosx

tan(—x) = —tanx

Complementing and Supplementing Identities

This next grouping of identities relates the complement of an angle (complementary angles
add up to 90 degrees) and relates it to a supplement of an angle (supplements add up to

180 degrees). Complements are very important in right-triangle trig, because the two acute
angles in a right triangle are always complementary. The supplements are great when dealing
with angles that lie along the same straight line.

sinx = cos(90 — x) =sin (180 - x)

cosx =sin(90 - x) = —cos(180 - x)

tanx = cot(90 - x) = —tan (180 — x)

cotx=tan(90 - x) = —cot (180 - x)
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Doing Fancy Factoring with Identities

The Pythagorean identities do a pretty good job of covering all the different ways that
those equations can be written and substituted in and used in solving equations. These
last identities take the difference between the squares of sine and cosine functions and,
instead of factoring, relate them to some sum and difference identities.

sin’x —sin’ y = sin(x +y)sin(x-y)

cos’x—cos’y= —sin(x+y)sin(x-y)

cos’x—sin’y=cos(x+y)cos(x—-y)



Chapter 20
Ten Formulas to Use in a Circle

In This Chapter

Finding your way around a circle
Sectioning off the area of a circle

Inscribing and circumscribing a circle

Fle circle is one of the most familiar and useful objects. Even young children who haven’t
been to school know how to form a circle around a playmate or run around in circles.
The different formulas and properties that I list here may make it even more interesting and
useful to you. Some of these formulas are probably familiar; many are probably not.

Running Around in Circles

The circumference, or distance around the outside of a circle can be found if you know the
radius (distance from the center to the circle) or the diameter (distance across the circle
through the center). To find the circumference, C = 2nr = nd where C is the circumference,
n is about 3.14, r is the radius, and d is the diameter.

Adding Up the Area

The area of a circle can be found if you have the radius of the circle. A = nr* where A is the
area, w is about 3.14, and ris the radius.

Defeating an Arc Rival

An arc is a piece of a circle. It’s usually measured by the angle formed between two radii of
the circle and is how much of the circle is cut off. In Figure 20-1, the arc AB is a part of the
whole circle. The angle that’s cut off is ©.

|
Figure 20-1:
Arc ABon
the circle.
|
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To find the length of the arc, use the formula s = % when O is in degrees and s =r0
when O is in radians. The letter s is the arc length and r is the radius of the circle.

Sectioning Off the Sector

The sector of a circle is a like a piece of a round pie. It’s sandwiched between two radii
of the circle. You can find the area of a sector if you know the angle of the circle that’s
being cut off and the radius of the circle. Figure 20-2 is a picture of a sector.

|
Figure 20-2:
The sector
of a circle.
|

2 2
To find the area of the sector, use A = % if © is in degrees and A = % = % if © is in

radians. The ris for the radius, and s is the arc length.

Striking a Chord

A chord of a circle is a segment that’s drawn from one point on the circle to another
point on the circle. The longest chord is the diameter. You can quickly find this length if
you know the radius of the circle and the measure of the angle that’s formed from the
radii touching the two ends of the chord. Look at the picture of the chord in Figure 20-3.

|
Figure 20-3:
A chord AB
drawnina
circle.
|

The length of the chord is found with the formula 2rsinQ, where ris the radius and ©
is the angle between the two radii.



Chapter 20: Ten Formulas to Use in a Circle 283

Ringing True

Aring in a circle is the area sandwiched between the circle and another circle drawn
inside that has the same center. To find the area of a ring, you just need to know the
radii of the two circles. Figure 20-4 shows a circle with a ring drawn inside.

A

|
Figure 20-4:
Aringina
circle.
|

The area of a ring is found with A=mn(R+r)(R -r), where R is the radius of the

big circle, and r is the radius of the circle inside it. If you do a little algebra to this
equation — multiply the two binomials together and distribute the 1 — you see that
it’s the area of the small circle subtracted from the area of the large circle. This for-
mula is just a little more convenient.

Inscribing and Radii

A circle can be inscribed in a triangle. This means that the circle touches each side of
the triangle it’s in. You can see how that can happen in Figure 20-5. A nice thing is that
you can find the radius of the circle that’s inscribed inside if you know the lengths of
the sides of the triangle.

|
Figure 20-5:
Acircle
inscribed in
a triangle.
|

The radius of a circle inscribed inside a triangle that has sides measuring a, b, and c is

r= /s(s—a)(s—b)(s—c)

3 , where ris the radius and s is the semiperimeter (half the

perimeter).

Circumscribing and Radii

A circle can also circumscribe a triangle. A circle can be drawn through all three vertices
of any triangle (see Figure 20-6). The radius of that circle can be found if you know the
lengths of the sides of the triangle.
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|
Figure 20-6:
A circle cir-
cumscribing
a triangle.
|

abc
4 /s(s—a)(s-b)(s-c)
radius; a, b, and c are the lengths of the sides of the triangle; and s is the semiperimeter
(half the perimeter of the triangle).

The formula for the radius of this circle is R = , where R is the

Righting a Triangle

|
Figure 20-7:
Triangles in
a semicircle.
|

If you draw a triangle inside a semicircle (half a circle) where one side of the triangle
is the diameter, some wonderful things can happen. The triangle has a vertex at any
point on the semicircle, and two endpoints of the diameter are the other two vertices.
Look at Figure 20-7 for examples.

In every case, the triangle that’s drawn in the semicircle is a right triangle. The angle
that has its vertex on the circle is a right angle. This is true because the angle (the right
angle) cuts off an arc of 180 degrees, or half the circle. An inscribed angle (one that has
its vertex on the circle) is always half the measure of the angle it cuts off.

Inscribing a Polygon

A polygon is a figure made up of a bunch of segments that are connected from endpoint
to endpoint. A regular polygon is a polygon that has all those sides or segments equal in
length. When a regular polygon is inscribed inside a circle, you can find the perimeter
and area of the polygon, as long as you know the radius of the circle.

To find the perimeter of the polygon, use P= 2nrsin%, where P is the perimeter, n is

the number of sides, and r is the radius of circle. To find the area of the polygon, use
A= % nr? sin27n.



Chapter 21

Ten Ways to Relate the Sides
and Angles of Any Triangle

In This Chapter
Putting sides and angles in ratios
Being radical with the sides
Using trig functions in relations

e sides and angles of any triangle are related to one another in many ways. The longest

' h
side of a triangle is always opposite the largest angle, and the smallest side is opposite
the smallest angle. The Law of Sines and Law of Cosines show some other relationships, but

here are some you may not have seen before.

The sides of these triangles are labeled with lowercase letters, and the angles opposite them
have corresponding uppercase letters. For simplicity, they’ll all be for triangle ABC, shown in

Figure 21-1.
B
| c a
Figure 21-1:
Triangle
ABC.
— A b C

Relating with the Law of Sines

This first relationship is the Law of Sines, with an added twist.

a_ - .b = —<_ - diameter of the circumscribed circle (the circle that can be drawn
sinA ~ sinB ~ sinC
around the triangle)
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Hatching a Little Heron

Heron’s rule for finding the area of a triangle (see Chapter 14) uses the semiperimeter
(half the perimeter) and the square root of a product. You can see some of Heron’s rule
in this relation. The s stands for the semiperimeter.

sinA = %/s(s —a)(s-b)(s—c)

Summing Sines

This next relationship relates the sums and differences of the measures of the sides to
the sums and differences of the corresponding sines.

atb _ sinA+sinB
a—-b sinA-sinB

You Half It or You Don’t

This relationship involving sines uses a variation on the half-angle formula.

Cozying Up with Cosines

The Law of Cosines is actually three laws, but here’s a representative that explains all
of them. For more on the Law of Cosines, see Chapter 14.

a=b*+c*-2bccosA

Angling for an Angle

The side-side-side application of the Law of Cosines allows you to solve for the meas-
ure of an angle. To do that, solve for the cosine first, using this formula.

_b*+c’-a’
cosA——sz

Mixing It Up with Cosines

This relationship mixes up the sides and the cosines of other sides.

a=bcosC+ ccosB
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Heron Again, Gone Tomorrow

Yes, this is a revisit of Heron’s rule. This time, it’s the cosine that gets involved. The s
is the semiperimeter.

A_ [s(s—a)
COS?— be

Divide and Conquer with the Tangent

This relationship uses a half angle of a difference of angles. If that isn’t exciting enough
for you, it also multiplies the ratio of the difference and sum of sides times a cotangent

half-angle. Whew!

A-B _a-b
2 a+b

tan %

cot

Heron Lies the Problem

Aren’t you glad this is the last relationship, so you don’t have to see any more Heron
headings? This last relationship involves the tangent.

anh - 2050
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Appendix

Trig Functions Table

Fe values for trig functions come in handy when solving problems, sketching graphs, or
doing any number of computations involving trig. The values here are all rounded to
three decimal places; if you need more decimal places than that, you can use a scientific
calculator. If you need values for angles larger than 90 degrees, check out Chapters 3 and 8
to see how to use coterminal and reference angles. If you need radians instead of degrees,
Chapter 4 has information on changing from radians to degrees and back again.

_ sin _ cos _ tan _ cot _ sec_ csc _
0° .000 1.000 .000 Undefined 1.000 Undefined
1° 017 1.000 017 57.290 1.000 57.299
2° .035 999 .035 28.636 1.001 28.654
3° .052 999 .052 19.081 1.001 19.107
4° 070 998 070 14.301 1.002 14.336
5° .087 .996 .087 11.430 1.004 11.474
6° 105 995 105 9.514 1.006 9.567
7° 122 993 123 8.144 1.008 8.206
8° 139 990 141 7.115 1.010 7.185
9° .156 .988 158 6.314 1.012 6.392
10° 174 .985 176 5.671 1.015 5.759
11° 191 .982 194 5.145 1.019 5.241
12° .208 978 213 4.705 1.022 4810
13° 225 974 231 4331 1.026 4.445
14° 242 970 249 401 1.031 4.134
15° 259 .966 .268 3.732 1.035 3.864
16° 276 961 287 3.487 1.040 3.628
17° 292 .956 .306 3271 1.046 3420
18° .309 951 325 3.078 1.051 3.236
19° .326 .946 344 2.904 1.058 3.072
20° 342 940 .364 2.747 1.064 2924
21° 358 934 384 2.605 1.07M 2790
22° 375 927 404 2475 1.079 2.669

(continued)
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_ sin _ COos _ fan _ cot _ sec _ CsC _
23° 391 921 424 2.356 1.086 2.559
24° 407 914 445 2.246 1.095 2459
25° 423 .906 .466 2.145 1.103 2.366
26° 438 899 488 2.050 1.13 2.281

27° 454 891 510 1.963 1.122 2.203
28° 469 .883 532 1.881 1.133 2130
29° 485 875 .554 1.804 1.143 2.063
30° .500 .866 577 1.732 1.155 2.000
31° 515 .857 601 1.664 1.167 1.972
32° 530 .848 625 1.600 1.179 1.887
33° .545 839 649 1.540 1.192 1.836
34° .559 829 675 1.483 1.206 1.788
35° 574 819 .100 1.428 1.221 1.743
36° .588 .809 121 1.376 1.236 1.701

37° .602 7199 154 1.327 1.252 1.662
38° 616 .188 181 1.280 1.269 1.624
39° 629 I71 810 1.235 1.287 1.589
40° 643 .166 839 1.192 1.305 1.556
41° .656 155 .869 1.150 1.325 1.524
42° .669 7143 .900 1.1m 1.346 1.494
43° 682 131 933 1.072 1.367 1.466
44° 695 119 .966 1.036 1.390 1.440
45° 107 107 1.000 1.000 1.414 1.414
46° 119 695 1.036 .966 1.440 1.390
47° 131 682 1.072 933 1.466 1.367
48° 143 .669 1.1m .900 1.494 1.346
49° 155 .656 1.150 .869 1.524 1.325
50° .166 643 1.192 839 1.556 1.305
51° I71 629 1.235 810 1.589 1.287
52° .188 616 1.280 181 1.624 1.269
53° 7199 .602 1.327 154 1.662 1.252
54° .809 .588 1.376 121 1.701 1.236
55° 819 574 1.428 .100 1.743 1.221

56° 829 .559 1.483 675 1.788 1.206
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_ sin _ COos _ fan _ cot _ sec _ CsC _
57° 839 .545 1.540 649 1.836 1.192
58° .848 530 1.600 625 1.887 1.179
59° .857 515 1.664 .601 1.972 1.167
60° .866 .500 1.732 577 2.000 1.155
61° 875 485 1.804 .554 2.063 1.143
62° .883 469 1.881 532 2.130 1.133
63° 891 454 1.963 510 2.203 1.122
64° .899 438 2.050 488 2.281 1.113
65° .906 423 2.145 .466 2.366 1.103
66° 914 407 2.246 445 2.459 1.095
67° 921 391 2.356 424 2.559 1.086
68° 927 375 2475 404 2.669 1.079
69° 934 .358 2.605 .384 2.790 1.071

10° .940 342 2747 .364 2.924 1.064
11° .946 .326 2.904 344 3.072 1.058
12° .951 .309 3.078 .325 3.236 1.051

13° .956 292 3.271 .306 3.420 1.046
14° .961 276 3.487 287 3.628 1.040
75° .966 .259 3.732 .268 3.864 1.035
76° 970 242 401 249 4134 1.031

17° 974 225 4331 231 4.445 1.026
18° 978 .208 4.705 213 43810 1.022
19° 982 191 5.145 194 5.241 1.019
80° .985 174 5.671 176 5.759 1.015
81° .988 .156 6.314 158 6.392 1.012
82° .990 139 1.115 141 7.185 1.010
83° 993 122 8.144 123 8.206 1.008
84° 995 105 9.514 105 9.567 1.006
85° .996 .087 11.430 .087 11.474 1.004
86° .998 070 14.301 .070 14.336 1.002
87° 999 .052 19.081 .052 19.107 1.001

88° 999 .035 28.636 .035 28.654 1.001

89° 1.000 017 57.290 017 57.299 1.000

90° 1.000 .000 Undefined .000 Undefined  1.000
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Index

versus degrees, 45

¢ N umbers and S ymbOIS ¢ in finding arc lengths, 50-51, 55-56

30-60-90 triangles. See also right triangles in finding sector areas, 52, 56
defined, 62 graphing, 45-47, 53
practice problems, 62-63, 82, 85-86 overview of, 2, 7
problem answers, 69-70, 89, 90 practice problems, 46-52
trig functions for, 85, 90 problem answers, 53-56
45-45-90 isosceles triangles. See also right angle measures for triangles
triangles external angles, 12-13
defined, 64 finding missing, 11-12
practice problems, 12, 64-65, 85 practice problems, 12
problem answers, 17, 70, 90 problem answers, 17
trig functions for, 85, 90 angles. See also triangles
360 degrees, angle measures beyond, 40, 43 acute, 7
7 (pi) in radian measures, 45 central, 50
complementary, 80
P A P coterminal, 42, 44
defined, 7
acute angles, 7 exterior, 12, 13
adjacent legs in right triangles, 57-58, 68 initial side of, 37
ambiguous cases of oblique triangles, inscribed, 284
218, 227 naming, 9-10
amplitude in sine/cosine graphs, 236-237, obtuse, 7
244-245, 266 practice problems, 8-10, 12-13
angle identities. See trig identities problem answers, 17-18
angle measures in degrees reference, 108-110, 116-117
beyond 360 degrees, 40, 43 right, 7
coterminal angles, 42, 44 standard position of, 37
negative measures, 41, 44 straight, 7
overview of, 37 supplementary, 9
practice problems, 38-42 terminal side of, 37
problem answers, 43-44 vertical, 9
in Quadrant I, 37-38, 43 where lines intersect, 9
in Quadrants II, I, IV, 39, 43 arcs of circles, 15, 50-51, 281-282
versus radians, 45 area formulas. See also formulas
trig function values for, 289-291 circles, 14, 18, 281
angle measures, overview of, 2, 37 regular polygons, 284
angle measures in radians rings in circles, 283
changing to degrees, 49-50, 54-55 sectors of circles, 16, 52, 282
changing degrees to, 47-48, 54 triangles, 220-222, 228, 286

defined, 45



294 Trigonometry Workbook For Dummies

asymptotes, vertical. See also graphing
in cosecant/secant graphs, 255-256, 261
defined, 249, 255
practice problems, 250, 256
problem answers, 253, 261
in tangent/cotangent graphs, 249-250, 253

oo

Cartesian coordinates, 21. See also graphs
chords, 15, 282
circle equations, 30-31, 36
circle formulas. See also formulas
arc length, 15, 50-51, 281-282
area, 14, 281
area of rings, 283
area of sectors, 16, 52, 282
chord length, 282
circumference, 14, 281
diameter, 14, 285
practice problems, 14-16, 51-52
problem answers, 18-19, 55-56
radius, 14, 283-284
unit circle points, 105
circles
chords, 15
circumscribing triangles, 283-284
graphing, 32, 36
inscribed in triangles, 283
inscribing polygons in, 284
semicircles, 284
unit circles, 30, 105
circular functions. See also trig functions
assigning signs of by quadrant,
111-113, 117
finding reference angles, 108-110, 116-117
finding unit circle points, 105-108,
115-116
finding values of, 113-114, 117
practice problems, 106-110, 112-114
problem answers, 115-117
circumference, 14, 18, 281
common denominators
in solving identities, 169-170, 181-182
in solving trig equations, 202-204, 209-211
complementary angle identities, 279
complementary angles, 80

complex fractions, 160
conjugates, in solving identities, 167-168,
178-180
constants, 2
coordinate plane, 21-22. See also graphs
cosecant function. See also trig functions
defined, 81
domain, 95
practice problems, 81-82
problem answers, 89
cosecant functions, graphing secant and.
See also graphing
making coincide, 257-258, 261-262
overview of, 255
practice problems, 256-258
problem answers, 261-262
steps in, 256-257, 261
vertical asymptotes, 255-256, 261
cosine function. See also trig functions
changing all functions to, 165-166
defined, 79
domain, 95
as periodic, 233
practice problems, 79
problem answers, 88
range, 97
cosine functions, graphing sine and. See also
graphing
amplitude, 236-237, 244-245, 266
extreme values, 234, 235, 243
intercepts, 233-234, 243
overview of, 233
period, 238-239, 245
practice problems, 234-242
problem answers, 243-248
procedure for, 235-236, 243
real life applications, 241-242, 248
from standard equations, 239-241,
246-247
Cosines, Law of, 3, 215-216, 225-227, 286
cotangent function. See also trig functions
defined, 83
domain, 95
practice problems, 84
problem answers, 89-90
range, 97
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cotangent function graphing tangent and

cotangent function, 251, 253

making coincide, 252, 254

overview of, 249

practice problems, 250-252

problem answers, 253-254

tangent function, 250, 253

vertical asymptotes, 249-250, 253
coterminal angles, 42, 44

o) e

degree measures. See also angle measures
beyond 360 degrees, 40, 43
coterminal angles, 42, 44
negative measures, 41, 44
overview of, 37
practice problems, 38-42
problem answers, 43-44
in Quadrant I, 37-38, 43
in Quadrants II, I, IV, 39, 43
versus radians, 45
trig function values for, 289-291
diameter, 14, 18, 285
difference identities, 138-139, 152-153
distance formula, between graph points,
26-27, 34-35
domains of trig functions, 95-96
double angle identities
combining with sum identities, 142-144,
155-156
defined, 140-141, 153-154

oF o

equations. See trig equations
equilateral triangles, 11
exact values of trig functions, 98-101,
103-104
expressions
evaluating using inverse functions,
187-188, 193
simplifying with identities, 146-147,
153, 158
exterior angles, 12, 13
extreme values in sine/cosine graphs,
234, 235, 243

ofF e

factoring
with identities, 280
in solving trig equations, 200-201, 208-209
techniques of, 200
formulas. See also trig identities
angle measures, 9, 11-14
area of regular polygons, 284
area of triangles, 220-222, 228, 286
changing degrees to radians, 47
changing radians to degrees, 49
Heron’s formula, 221, 286, 287
Pythagorean identities, 124-126
Pythagorean theorem, 24-25, 33-34
Pythagorean triples, 59-60, 68-69
quadratic formula, 205, 212
relating triangle sides/angles, 285-287
formulas, circle
arc length, 15, 50-51, 281-282
area, 14, 281
area of rings, 283
area of sectors, 16, 52, 282
chord length, 282
circumference, 14, 281
diameter, 14, 285
practice problems, 14-16, 51-52
problem answers, 18-19, 55-56
radius, 14, 283-284
unit circle points, 105
formulas, graph
circle equations, 30
distance between points, 26
midpoints of segments, 27
slope formula, 28
slope-intercept form, 28
45-45-90 isosceles triangles. See also right
triangles
defined, 64
practice problems, 12, 64-65, 85
problem answers, 17, 70, 90
trig functions for, 85, 90
fractions. See also ratios
complex fractions, 160
in solving trig equations, 202-204,
209-211
functions, 93. See also trig functions
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graph formulas. See also formulas
circle equations, 30
distance between points, 26
midpoints of segments, 27
slope formula, 28
slope-intercept form, 28
graph quadrants
assigning function signs by, 111-113
defined, 23
degree angle measures in, 37-39, 43
identifying points by, 23-24, 33
for inverse functions, 185-186, 193
graph slope
changing, 266-267, 273
defined, 28
practice problems, 29-30
problem answers, 35-36
slope formula, 28
slope-intercept form, 28
graph transformations
adding polynomials, 270-271, 275
applying two or more, 269-270, 274-275
changing slope, 266-267, 273
overview of, 263
phase changes, 263
practice problems, 264-265, 267-271
problem answers, 272-275
reflecting horizontally, 267-268, 273
reflecting vertically, 268-269, 274
sliding left or right, 263-264, 272
sliding up or down, 264-265, 272-273
graphing
circles, 32, 36
inverse functions, 258-260, 262
radians, 45-47, 53
graphing cosecant/secant functions. See also
cosecant; secant
making coincide, 257-258, 261-262
overview of, 255
practice problems, 256-258
problem answers, 261-262
steps in, 256-257, 261
vertical asymptotes, 255-256, 261

graphing sine/cosine functions. See also
cosine; sine
amplitude, 236-237, 244-245, 266
extreme values, 234, 235, 243
intercepts, 233-234, 243
overview of, 233
period, 238-239, 245
practice problems, 234-242
problem answers, 243-248
procedure for, 235-236, 243
real life applications, 241-242, 248
from standard equations, 239-241,
246-247
graphing tangent/cotangent functions.
See also cotangent; tangent
cotangent function, 251, 253
making coincide, 252, 254
overview of, 249
practice problems, 250-252
problem answers, 253-254
tangent function, 250, 253
vertical asymptotes, 249-250, 253
graphs
finding distance between points, 26-27,
34-35
finding line/segment slope, 28-30, 35-36
finding midpoints of segments, 27-28, 35
identifying points by quadrant, 23-24, 33
overview of, 21
plotting points, 21-22, 33
practice problems, 22, 24-30
problem answers, 33-36
Pythagorean theorem and, 24-25, 33-34
writing circle equations, 30-31, 36
greatest common factor, 200

o H o

half-angle identities, 144-146, 157-158
half-angles, inverse functions and, 191-192
Heron’s formula, 221, 286, 287
hexagons, 66
horizontal reflection in graphs,

267-268, 273
hypotenuse, 24, 57
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identities. See trig identities

inscribed angles, 284

integers, 191

intercepts in sine/cosine graphs,

233-234, 243

inverse trig functions. See also trig functions
correct quadrants for, 185-186, 193
defined, 93, 185
evaluating expressions using, 187-188, 193
listing multiple solutions, 191-192, 194
multiple/half-angles and, 191-192
overview of, 3
practice problems, 93-94, 186-192
problem answers, 102, 193-194
solving equations using, 189-190, 193-194

inverse trig relations, 185

isosceles triangles. See also right triangles
defined, 64
practice problems, 12, 64-65, 85
problem answers, 17, 70, 90
trig functions for, 85, 90

oo

k variable, 191, 263

o/ o

Law of Cosines, 3, 215-216, 225-227, 286.
See also cosine

Law of Sines, 3, 213-214, 224-225, 285.
See also sine

Law of Tangents, 219, 227-228. See also
tangent

legs of right triangles, 57

ol o

midpoints of segments formula, 27-28, 35
multiple angles

identities, 142-144, 155-156

inverse functions and, 191-192, 194

solving trig equations for, 197-199, 207-208
multiple solutions. See multiple angles
multiplying by conjugates, in solving

identities, 167-168, 178-180

o\ o

negative angle identities, 279
negative angle measures, 41, 44

o () o

oblique triangles. See also right triangles;
triangles
ambiguous cases, 218, 227
finding area, 220-222, 228, 286
finding missing parts, 213-219, 224-228
formula applications, 223, 229
Heron’s formula, 221, 286, 287
Law of Cosines, 215-216, 225-227, 286
Law of Sines, 213-214, 224-225, 285
Law of Tangents, 219, 227-228
naming parts, 213
practice problems, 214-223
problem answers, 224-229
side/angle relationship formulas, 285-287
obtuse angles, 7
opposite legs in right triangles, 57-58, 68
ordered pairs in graphs, 21
origin in graphs, 21

oo

perimeter of regular polygons, 284

period in sine/cosine graphs, 238-239, 245

phase changes in graphs, 263

pi (m) in radian measures, 45

polygons, 284

polynomials, graphing functions with,
270-271, 275

Pythagorean identities, 124-126

Pythagorean theorem, 24-25, 33-34

Pythagorean triples, 59-60, 68-69

o () o

-

quadrants. See also graphs
assigning function signs by, 111-113
defined, 23
degree angle measures in, 37-39, 43
identifying points by, 23-24, 33
for inverse functions, 185-186, 193
quadratic formula, 205, 212
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radian measures. See also angle measures
changing to degrees, 49-50, 54-55
changing degrees to, 47-48, 54
defined, 45
versus degrees, 45
in finding arc lengths, 50-51, 55-56
in finding sector areas, 52, 56
graphing, 45-47, 53
overview of, 2, 7
practice problems, 46-52
problem answers, 53-56
radius formulas, 14, 18, 283-284
ratio identities, 123-124, 130-131
ratios, 249. See also fractions
rays, 7
reciprocal identities, 121-122, 130
reference angles, 108-110, 116-117
reflection in graphs, horizontal,
267-268, 273
reflection in graphs, vertical, 268-269, 274
regular polygons, 284
right angles, 7
right triangle functions. See also trig
functions
30-60-90 triangles, 82, 85-86, 89, 90
45-45-90 isosceles triangles, 85, 90
applying, 86-87, 90-91
cosecant function, 81-82, 89
cosine function, 79, 88
cotangent function, 83-84, 89-90
overview of, 77
practice problems, 78-87
problem answers, 88-91
secant function, 82-83, 89
sine function, 78, 88
tangent function, 80, 88
right triangles. See also oblique triangles;
triangles
30-60-90 triangles, 62-63, 69-70
45-45-90 isosceles triangles, 12, 17,
64-65, 70
adjacent legs, 57-58, 68
applications using, 65-67, 70-74
complementary angles, 279
completing, 61, 69

defined, 57-58

hypotenuse, 24, 57

inscribed in semicircles, 284

opposite legs, 57-58, 68

practice problems, 12, 58-61, 63, 65-67

problem answers, 17, 68-74

Pythagorean identities, 124-126

Pythagorean theorem, 24-25, 33-34

Pythagorean triples, 59-60, 68-69
rings in circles, area of, 283

oS e

secant function. See also trig functions
defined, 82
domain, 95
practice problems, 83
problem answers, 89
range, 97
secant functions, graphing cosecant and.
See also graphing
making coincide, 257-258, 261-262
overview of, 255
practice problems, 256-258
problem answers, 261-262
steps in, 256-257, 261
vertical asymptotes, 255-256, 261
sectors of circles, 16, 52, 56, 282
semicircles, 284
semiperimeters, 221, 283, 284
simplifying expressions with identities,
146-147, 153, 158
sine function. See also trig functions
changing all functions to, 165-166
defined, 78
domain, 95
as periodic, 233
practice problems, 78
problem answers, 88
range, 97
sine functions, graphing cosine and.
See also graphing
amplitude, 236-237, 244-245, 266
extreme values, 234, 235, 243
intercepts, 233-234, 243
overview of, 233
period, 238-239, 245
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practice problems, 234-242
problem answers, 243-248
procedure for, 235-236, 243
real life applications, 241-242, 248
from standard equations, 239-241,
246-247
Sines, Law of, 3, 213-214, 224-225, 285
sliding graphs left or right, 263-264, 272
sliding graphs up or down, 264-265,
272-273
slope of lines/segments. See also graphs
changing, 266-267, 273
defined, 28
practice problems, 29-30
problem answers, 35-36
slope formula, 28
slope-intercept form, 28
solving trig equations. See also trig
equations
for answers in one rotation, 195-197,
206-207
using fractions/common denominators,
202-204, 209-211
using inverse functions, 189-190, 193-194
with multiple answers, 197-199, 207-208
overview of, 195
practice problems, 196-197, 199, 201,
203-205
problem answers, 206-212
using quadratic formula, 205, 212
using special factoring, 200-201, 208-209
solving trig identities. See also trig identities
changing all functions to sines/cosines,
165-166, 176-178
finding common denominators, 169-170,
181-182
multiplying by conjugates, 167-168,
178-180
overview of, 161
practice problems, 127-129, 148-150,
162-172
problem answers, 133-134, 159-160,
173-183
solving, defined, 127, 148
squaring both sides, 168-169, 180-181
working on both sides, 164-165, 175-176

working on one side only, 161-163, 173-175
writing all functions in terms of one,
171-172, 183
standard equations for sines/cosines,
239-241, 246-247
steepness. See slope
straight angles, 7
sum identities
combining with double angle identities,
142-144, 155-156
defined, 135-137, 151-152
supplementary angle identities, 279
supplementary angles, 9

oJ e

tangent function. See also Law of Tangents
defined, 80
domain, 95
practice problems, 80
problem answers, 88
tangent functions, graphing cotangent and
cotangent function, 251, 253
making coincide, 252, 254
overview of, 249
practice problems, 250-252
problem answers, 253-254
tangent function, 250, 253
vertical asymptotes, 249-250, 253
Tangents, Law of, 219, 227-228
30-60-90 triangles. See also right triangles
defined, 62
practice problems, 62-63, 82, 85-86
problem answers, 69-70, 89, 90
trig functions for, 85, 90
360 degrees, angle measures beyond,
40, 43
translating graphs left or right, 263-264, 272
translating graphs up or down, 264-265,
272-273
transversals, 12, 13
triangle angle measures. See also angle
measures
of external angles, 12-13
finding missing, 11-12
practice problems, 12
problem answers, 17
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triangles. See also angles; oblique triangles;

right triangles
circles inscribed in, 283
circumscribed by circles, 283-284
equilateral, 11
relating sides/angles of, 285-287
trig equations
circle equations, 30-31, 36
overview of, 3
for sines/cosines, 239-241, 246-247
trig equations, solving
for answers in one rotation, 195-197,
206-207
using fractions/common denominators,
202-204, 209-211
using inverse functions, 189-190, 193-194
with multiple answers, 197-199, 207-208
overview of, 195
practice problems, 196-197, 199, 201,
203-205
problem answers, 206-212
using quadratic formula, 205, 212
using special factoring, 200-201, 208-209
trig functions. See also graphing
changing all to sines/cosines, 165-166
defined, 93
domains of, 95-96, 102
exact values, 98-101, 103-104
graphing, 34
overview of, 3, 93
as periodic, 93, 191
practice problems, 94-101
problem answers, 102-104
ranges of, 97, 102
table of values, 289-291
writing all in terms of one, 171-172, 183
trig functions in circles
assigning signs of by quadrant,
111-113, 117
finding reference angles, 108-110,
116-117
finding unit circle points, 105-108,
115-116
finding values of, 113-114, 117
practice problems, 106-110, 112-114
problem answers, 115-117

trig functions, inverse
correct quadrants for, 185-186, 193
defined, 93, 185
evaluating expressions using, 187-188, 193
listing multiple solutions, 191-192, 194
multiple/half-angles and, 191-192
overview of, 3
practice problems, 93-94, 186-192
problem answers, 102, 193-194
solving equations using, 189-190, 193-194
trig functions in right triangles. See also
specific functions
30-60-90 triangles, 82, 85-86, 89, 90
45-45-90 triangles, 85, 90
applying, 86-87, 90-91
cosecant function, 81-82, 89
cosine function, 79, 88
cotangent function, 83-84, 89-90
overview of, 77
practice problems, 78-87
problem answers, 88-91
secant function, 82-83, 89
sine function, 78, 88
tangent function, 80, 88
trig identities
for complementary angles, 279
factoring with, 280
negative angle identities, 279
overview of, 3, 121
practice problems, 122-129
problem answers, 130-134
Pythagorean identities, 124-126, 131-132
ratio identities, 123-124, 130-131
reciprocal identities, 121-122, 130
shorthand for powers of, 121, 130
solving, 127-129, 133-134
for supplementary angles, 279
trig identities with operations
angle difference identities, 138-139,
152-153
combining sums and doubles, 142-144,
155-156
double angle identities, 140-141, 153-154
half-angle identities, 144-146, 157-158
multiple angle identities, 142-144, 155-156
overview of, 135
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practice problems, 136-147, 149-150
problem answers, 151-160
simplifying expressions with, 146-147,
153, 158
solving, 148-150, 159-160
sum identities, 135-137, 151-152
trig identities, techniques for solving
changing all functions to sines/cosines,
165-166, 176-178
finding common denominators, 169-170,
181-182
multiplying by conjugates, 167-168,
178-180
overview of, 161
practice problems, 127-129, 148-150,
162-172
problem answers, 133-134, 159-160,
173-183
solving, defined, 127, 148
squaring both sides, 168-169, 180-181
working on both sides, 164-165, 175-176
working on one side only, 161-163, 173-175
writing all functions in terms of one,
171-172, 183
trig relations, inverse, 185
trigonometry, defined, 1
Trigonometry For Dummies, 4

olf o

unFOIL factoring, 200

unit circles, defined, 30, 105

unit circles, finding point coordinates,
105-108, 115-116

oo

variable, &, 191, 263
variables, defined, 2
vertex, 7
vertical angles, 9
vertical asymptotes. See also graphing
in cosecant/secant graphs, 255-256, 261
defined, 249, 255
practice problems, 250, 256
problem answers, 253, 261
in tangent/cotangent graphs, 249-250, 253
vertical reflection in graphs, 268-269, 274

o X o
X-, y-intercepts in sine/cosine graphs,

233-234, 243
X, y coordinates/axes, 21-22. See also graphs
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